
Jan Woleński

Analyticity and metamathematics
Acta Universitatis Lodziensis. Folia Philosophica nr 9, 125-131

1993



A C T A  U N I V E R S I T A T I S  L O D Z I E N S I S  
F O L IA  P H IL O S O P H IC A  9. 1993

Jan W oleňski 

A N A LY TIC ITY  A N D  M E T A M A T H E M A T IC S

T he d istinction  o f analy tic/syn thetic  was explicitly s ta ted  fo r the first tim e 
by K an t w ho referred it to judgem ents. O the r au th o rs  applied  the distinction  
also to  sentences p ropositions  and  statem ents; in w hat follows. I shall use the 
form  'sen tence ' even if reviewed au th o rs  em ployed a n o th e r nam es. Before 
K an t, related ideas concerned w ith the d istinctions a  p rio ri/a  posterio ri and 
necessary /contingent had  been developed m ainly by H um e and  Leibniz. 
A lthough  p rc -K an tian s  did no t used the term s 'an a ly tic ' and  'syn the tic ', it is 
com m on to regard L eibnitian  defin ition  o f  necessary tru th  (as a  sentence true  
in all possible w orlds) o r H um ean  trea tm en t o f  re la tions between ideas (as 
recorded by tau to logies) as im p o rtan t p roposals  concerning  the concep t o f 
analyticity .

F o r K ant, the linguistic s truc tu re  ..A is B" is the general form  o f  sentence. 
N ow  a sentence S is an  analy tic  if  and  only if its p red icate  A  is 'c o n ta in e d ' in its 
subject B; o therw ise S is a synthetic  sentence. It follows from  K a n t's  definition 
th a t negations o f  analy tic  sentences are self-con trad icto ry . M oreover, analy tic  
tru th s  are un in form ative (tau to logous) because they m erely analyse the 
relevant subject concept. Fo rm al logic for K an t consists o f  analy tic  sentences. 
O n the o th e r hand , synthetic sentences consist in a synthesis o f  concepts and 
provide an  in fo rm ation . All analy tic  sentences are fo r K an t a  p rio ri by 
defin ition  but synthetic  ones can be e ither a priori o r a posterio ri. The 
celebrated problem  o f  K a n t’s ph ilosophy  concerned the possibility  o f  sentences 
which would be are bo th  synthetic  and  a  priori. K an t h im self w as entirely 
convinced th a t such sentences exist.

T he post-K an tian  philosophers proposed  m any defin itions o f analy ticity . 
Several o f  them  are  included in the following lis t1 (analy tic =  analytically  
true):

1 Sec: B. M a t e s .  A n a ly tic  sen tences, . .P h ilo so p h ica l R ev iew " 1951, N o . 60. p . 525.
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( l a )  S is analy tic  iff S is true  in all possible worlds;
( l b)  S is analy tic iff S could no t be false;
(1c) S is analy tic  iff not-S is self-contradictory :
( I d)  S is analy tic iff S is true by v irtue o f m eanings and  independently  o f 

facts;
( l e)  S is analy tic  iff e ither S is logically true o r S can be tu rned  into 

a logical tru th  by p u ttin g  synonym s lo r  synonym s;
(If) S is analy tic  iff S com es ou t true  under every state-descrip lion;
( lg ) S is analy tic iff S can be reduced to logical tru th  by definition;
( lit)  S is analy tic in a language L i f f S is true  accord ing  to the sem antical 

rules o f L.
The defin ition  ( la )  goes back to Leibniz, ( l b)  and ( l e)  are m entioned as 

possible explications by Q uine in his very fam ous criticism  o f an aly ticky2 (1c) 
is proposed  by S traw son3, ( Id)  records a typical positivistic trea tm en t o f 
analy ticky4, (If) and  ( I h)  are taken from  C a rn ap 5, and ( lg)  expresses Frege's 
defin ition  o f analy ticky .

V arious general logical term s occur in defin itions ( l a)  -  ( 1 h ). T ru th , logical 
tru th , definition and  con trad ic tion  ap p ea r explicitly in them  bu t o ther, for 
instance m odel, p rovab ility  o r consistency im plicitly via possible w orlds 
(sta te  descriptions), logical tru th  and con trad ic tion  respectively. W e can 
rew rite fo r instance ( l a)  a nd  (If)  as

(2) S is analy tic iff S is true in all m odels
and  ( l g)  as (no te  th a t (3) is c loser to  F rege 's original fo rm ula tion  than  (lg ))
(3) S analy tic  iff S is p rovable  exclusively by logic and  definitions.
Im p o rtan t aspects o f m etalogical concepts like tru th , consistency or

provability  a re  form ally regulated  by m etam athem atica! theorem s: for sim p­
licity. I assum e th a t m etam athem atics com prises m etalogic and form al 
sem antics. So we can ask w hat follows from  m etam athem atics for the 
..ph ilosophy  o f  an a ly ticky" . M y aim  in this paper is to  pu t toge ther (w ith som e 
com m ents) various observations on  analy ticky  which have been m ade by 
several con tem pora ry  logicians from  the m etam athem atical po in t o f  view. 
I shall cen ter on  so called lim itative theorem s, in particu lar

(4) if  X con tains form alized Peano  arithm etic , then  X  is incom plete if 
consistent (the first G ödel incom pleteness theorem );

г See: V. v u n Q u i n e .  Tm> dogm as o f  em piricism , „P h ilo so p h ic a l R eview ”  1951, N o . 60. p. 
2 0 -43 .

3 Sec: P. S t r a w s o n .  In troduction  to  L og ica l T h eo ry . M etlu ien . L o n d o n  1952. p. 21.
4 Sec: A . A y e r ,  Longuagc, Traill o tu i L og ic . P enguin  B ooks. H a rm o d w o rd tll 1971. p. 

104-106.
s See: R. C  a r  n a p . L o g ica l Foundations o f  Probability . R ou tled g e a n d  K egyn P au l. L o n d o n  

1962. p . S3 an d  R . C  a r n  a  p . M eaning  a n d  N ecessity . T h e  U n iv ers ity  o f  C h icag o  Press. C h icag o  
1956. p. 8. 10.
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(5) if S con ta in s form alized Peano  arithm etic , then consistency o f  S is 
im provable  in S (the second G ödel incom pleteness theorem );

(6) Peano arithm etic  and  first o rd e r logic a re  n o t decidable (the C hurch  
undecidability  theorem ).

The first analysis o f  analy ticity  w ith the help o f  m etam athem atics was 
given by C a rn ap 0. He d is t in g u is h e d  L anguage I consisting  o f  e lem entary  logic 
together w ith the portion  o f arithm etic  sufficient fo r arithm etiza tion  (in 
the sens o f G ödel) and L anguage II which con ta in s all m eans which arc needed 
for expressing classical m athem atics in it. N ow  analy ticity  in L anguage I is 
defined by

(7) S is analy tic  in LI iff S is a consequence o f the null class o f  sentences 
(o r every sentence);

H ow ever, (7) is too  narrow  lo r  LII because arithm etic  is incom plete w hat 
causes that „in every sufficiently rich system  fo r w hich the m ethod  o f  
derivation  is prescribed, sentences can be constructed  w hich, though  they 
consist o f sym bols o f  the system , a re  yet no t resoluble in accordance with the 
m ethod o f  the system  th a t is to  say. are neither dem onstrab le  no r refu tab le  in 
it. A nd. in particu lar, for every system  in which m athem atics can  be 
form ulated , sentences can be constructed  which a re  valid in the sense o f 
classical m athem atics but no t d em onstrab le  w ithin the sy stem "7. So we have 
sentences which a rc  not consequences o f  every sentence. T o  solve this 
difficulty. C arn ap  (he w anted to have all m athem atical tru th s am o n t analy tic  
sentences) proposes to adm it infinite sets o f  prem ises and  supplem ent rules o f 
p ro o f  by non-effective ones, for instance « -ru le . C arn ap 's  defin ition  o f 
analy ticity  for L anguage II is too  com plicated  in o rd e r to present it here in 
a detailed w ay bu t the general idea is cap tu red  by

(8) S is analy tic  in LII iff S is derivable from  analy tic sentences by rules o f 
p ro o f  which arc adm issible in Li I.

As far as I know , G ödel adrcssed  to  the p roblem  o f analy ticity  only once in 
his published w orks, nam ely in his paper on  R ussell's m athem atica l logic8. 
A ccording  to G ödel

(9) S is analy tic  iff A is a special case o f the law o f  identity  in v irtue  o f 
explicite defin itions o f term s o r  rules o f  their e lim ination.

However. G ödel observes that  (6) im plies non -analy tic ity  o f  arithm etic . 
A dm itting  sentences o f  infinite length does not save the s ituation  because to 
prove th a t som e im p o rtan t m athem atica l theorem s (fo r instance, the axiom  o f 
choice) arc analy tic, one would have to  assum e analy ticity  o f the w hole

° See: R. C a r n a p .  L og ica l S vn la .s  o l L anguage. R o u tle d g e a n d  K egan  P aul. L o n d o n .
■ /*« /.. p . 100.
B See: К G ö d e l ,  R ussell's  M a lh em a lic a l Logic , [in:] The P hilosophy o f  B erlrantl Russell/, ed . 

P. Sch ilpp . O p e n  C o u rt . La Salle 1944, p. 123 153.
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m athem atics in advance. G ödel also considers a n o th e r definition o l'analy tic ity , 
nam ely a version o f  ( I d)  bu t lie does no t link it w ith any  m etam athcm atical 
fact.

The next step in the history  in question  was m ade by Copi and  T u rq u ette0. 
C opi exam ines the following defin ition  o f  analyticity

(10) S is analy tic  iff its tru th  o r validity  follows from  the syntactical or 
gram m atical rules governing  a language rules in which it is expresed. 
from  the poin t o f  view (4) form ulated  by him as

(11) given any  reasonab ly  rich language, there is non-em pirical.
non-inductive  p roposition  expressible w ithin it which is not decidable on  the 
basis o f  the syntactical rules o f th a t langauge.
Then Copi says th a t (11) leads to

(12) there  a re  a priori lion-analy tic  tru ths,
which destroys the analy tic theory  o f  a priori (all a priori sentences are
analytic).

T u rq u ette  m akes several objection  against C opi. Let me m ention  two. The 
first is general: ..In  fact, the claim  th a t there are G ödel synthetic a  p r i o r i  tru th s  
then am oun ts to  no th ing  m ore th an  a restatem ent in m isleading philosophical 
language o f som e well-established logical results, no tab ly  o f  w hat is usually 
called G ödel's  second incom pleteness th e o re m ''10. Secondly. T u rquette  obser­
ves th a t undccidable s tatem ents could be in terp reted  as em pirical or 
w ell-form ed bu t devoid o f  m eaning.

Copi in his an sw er"  says th a t his theses are not derived from  undecidable 
sentences but from  the fact th a t „ th e re  a re  such statem ents as G ödel's  which 
a re  a priori true  but not a n a ly tic "12. M oreover, he rejects the em pirical theory  
o f  m athem atics and  observes th a t regarding  undecidable sentences as devoid o f 
m eaning is un tenab le  because we understand  them.

T u rquette  positive so lu tions require e ither accepting th a t m athem atics is 
em pirical o r a revision o f  logic: bo th  proposal m ust meet several w ell-known 
objections. T u rq u ette 's  general objection  against C opi raises a serious m et­
hodological problem . G öde l's  theorem s (like o th e r lim itative results) says 
no th ing  on analy ticity  o r  ap rio rity . So C opi's  form ulation  o f (4) is in fact its 
certain  philosophical in te rp reta tio n  which should  be separata le ly  justified . 
M oreover. (12) is derived by C opi from  (10) bu t it m ay not hold under o ther 
defin itions o f  analyticity .

4 See: I. C o  p i. M odern  L ogic am ! the S yn th e tic  tt priori. ..Jo u rn a l o f  P h ilo so p h y "  1949, N o. 
46. p. 24.1-245: 1. C  o  p  i. Gotici a m i the S y n th e tic  и priori: tt Rejointier. . .Jo u rn a l  o f  P h ilo so p h y "  
1950. N o . 47. p. 611-636 ; A . T u r q u e t t e ,  tititle! tintI th e  S y n th e tic  a priori. ..Jo u rn a l o f  
P h ilo so p h y "  1950. N o . 47. p. 125-128.

10 T u r q u e t t e .  G ödel.... p. 126.
11 See: C o p i .  Gotiel...
12 Ihitl.. p. 6.14.
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K em eny1·’ argues th a t the concept o f  intended m odel (in terp re ta tion ) form s 
an  adequate  conceptual base for form al sem antics. A ssum e th a t we define
analy tic p ropositions as those which a rc  universally valid, i.e. hold in all
m odels. T his definition is too  narrow  in virtue o f  incom pleteness o f  arithm etic . 
K em env argues th a t a m ore satisfacto ry  accoun t o f analy ticky  is to be
ob ta ined  with the help o f  the concept o f intended model.

Let T  be a theory , i.e. a set o f  sentences closed under the consequence 
opera tion . N ow all intended m odels o f  T  have exactly the sam e universes. 
M oreover, if M and  M ' arc intended m odels, then bo th  can m utua lly  differ 
only w ith respect to valua tion  o f  ex tralogical constan ts ; K em eny considers 
arithm etical constan ts  as logical. Then

(13) S is analy tic  in L iff A is tru e  in all L -in lerp reta tions, i.e. L intended 
m odels o f  L.

A ssum e th a t S is analy tic  in L. A theory  T  is com plete (K em eny says th a t it 
is the  m ost na tu ra l concept o f  com pleteness) if and only if

(14) S belongs to C n(T ) if A is analy tic  in T.
If  T  is com plete, then its analy tic tru th s can be defined as valid in all 

m odels. But if 'T  is incom plete, this defin ition  m ust be replaced by (13) because 
fo r instance we have arithm etical tru th s  which are no t valid in all m odels o f 
arithm etic.

K em eny 's app roach  raises som e doub ts . Let S be an  undecidablc form ula 
in its in tended m eaning. C onsider its negation not-S . W e can easy define a set 
o f  m odels in which S holds. O ne can even claim  th a t m odels o f  not-S  (not 
those o f  S) a rc  in tended. T his m eans that not-S is analy tic  on  this claim . So we 
ob ta in  th a t tw o m utually  co n lia d ic to iy  sentences are analytic. T his reasoning  
shows th a t the concept o f  analy ticky  via L -in tcrpelations is ra th e r p ragm atic  
and  relativised than  sem antic and  absolute.

B orkow sk i14 considers tw o defin itions o f  analy ticky , nam ely
(15) S is analy tic  in the syntactic  sense iff S is p rovab le  exclusively by logic;
(16) S is analy tic in the sem antic  sense iff S is true  in all m odels.
A ccording to B orkow ski, the first G ödel theorem  implies th a t no t every

sentence sem antically  analy tic is also syntactically  analytic. H ow ever, this 
thesis is dubious. I f  sentence S is true  in all m odels, it is (by com pleteness 
theorem ) provab le  exclusively by logic. This m eans th a t b o th  classes o f 
analy tic sentences m utually  coincide.

14 See: J . K e m e n y .  . t  N c »■ Approach 10 Sem an tics, ..Jo u rn a l o l 'S y m b o tic  L o g ic"  1956. N o . 
21. P a n  I. p. I 27: P a ri 2. p. 149 161.

14 L. В о  г к о  w  s k i .  D eductive ľo u n d a tio n  tou! A n a ly tic  Propositions. ..S tu d ia  L o g ica "  1966. 
N o . 19. p. 59 72; t.. B o r k o w s k i ,  l .o g ika  form alna . P W N . W arszaw a 197t); L. B o r k o w s k i .  
W prow adzenie do lo g ik i i  teorii m nogości, T o w a rzy s tw o  N a u k o w e  K ato lick ieg o  U n iw e rsy te tu  
L ubelsk iego . L ublin  1990.
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D eL ong15 argues th a t (the form ula  C on(A r) m eans „arithm etic  is consis­
ten t").

(16) T he  sentence C on(A r) u n d er its in tended in te rp re ta tio n  is synthetic  
a priori.

The form ula  expressing consistency o f  arithem ic is synthetic  because it is 
no t provab le  exclusively by general logic and  defin itions and  a p rio ri because if 
a rithm etic  is consistent, it is necessarily so.

N ow  assum e th a t C on(A r) is necessary true. Let M is the s tan d ard  model 
o f  A r. So N ec(C on(A r)) is true  iff and only if C on(A r) is tru e  in all m odels 
accessible from  M . H ow ever, these m odels are no t determ ined a p rio ri bu t with 
respect to  pragm atic  criteria  o f  s tandardeness. T o  ob ta in  (16) one has to  show 
th a t C on(A r) holds in all m odels in w hich Peano  axiom s ho ld  bu t it w ould  be 
inconsistent w ith  undecidability  o f  C on(A r).

C as to n g u ay 16 claim s th a t C h u rch ’s theorem  (together w ith C h u rch 's  thesis) 
im plies th a t m athem atical know ledge is synthetic a priori. H ow ever, this is too  
strong  claim  because (6) im plies only th a t m athem atica l know ledge is nor 
reducible to purely algorithm ic procedures. C astonguay  seems to assum e

(17) if  X is a set o f analy tic sentences, than  X  is decidable.
But this supposition  is by no  m eans obvious.

T here  is no t system atic trea tm en t o f  analy ticity  from  the po in t o f view 
m etam athem atics. O n the o th e r hand , m etam athem atica l seem  to  be o f 
a fundam enta l im portance fo r any  analysis o f  analyticity . Let me finish this 
survery w ith som e very general observ a tio n s1’ . M etam athem atics suggests two 
divisions o f  analy tic  sentences: (I) in to  syntactic, sem antic and  pragm atic  (note 
how ever th a t my proposa ls  in this respect considerably  differ from  those o f 
B orkow sk i18), and  (II) in to  abso lu te  and  relative. T he proposed  defin itions are 
as follows:

(17) S is an  abso lu te  sem antic analy tic  sentence iff S is universally valid;
(IB) S is an  abso lu te  syntactic  analy tic sentences iff S is an abso ­

lute sem antic analy tic sentence and  S belongs to  a  decidable set o f logical 
tru ths;

(19) S is a relative sem antic analy tic sentence in a theory  T  iff S is true  in 
all m odels o f  T;

(20) S is a relative syntactic  analy tic  sentence in a  theory  T  iff S is a relative 
syntactic analy tic  sentence in a theory  T  and  S belongs to a decidable set o f 
tru th s  o f  T;

15 See: H . D e L o n g ,  A P rofile o f  M a th em a tic a l Logic . A dd ison-W esley . R ead in g , M ass. 
1970.

16 See: C h . C a s t o n g u a y ,  C hurch 's Theorem  a n d  the A n a ly tic -sy n th e tic  D istinc tion  in 
M a th em a tic s . „ P h ilo so p h ic a "  1976, N o . 18. p . 77-89 .

17 See: J. W o l e ń s k i .  M e ta m a te m a ty k a  І ep istem ologia , P W N , W a rsza w a  (fo rth co m in g ).
IB See: B o r k o w s k i ,  D eductive Foundation...
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(21) S is a p ragm atic  analy tic  sentence in a theo ry  T  iff S is tru e  in all 
s tan d ard  m odels o f  T.

O bviously we have,
(22) abso lu te  syntactic  analy tic  sentences £  abso lu te  sem antic analy tic  

sentences E  p ragm atic  analy tic  sentences (the sam e ho lds i f ‘abso lu te ’ will be 
replaced by ‘re la tive’).

So syntactic analy tic  sentences arc those which can be resolved by 
algorithm ic m ethods. M oreover only logic consists o f  abso lu te  analy tic 
sentences. These consequences a re  consisten t w ith m any trad itio n a l accounts 
concerning analy tic  sentences.

In s titu te  o f  P h ilo so p h y  
Jag te llo n ian  U n iversity  

P o land

Jan  W oieľtski 

A N A L IT Y C Z N O Ś Ć  I Μ Ε Τ Α Μ Λ Τ Ε Μ Α Τ Υ Κ .Α

C h o c iaż  ro z ró żn ie n ie  s ąd ó w  an a lity czn y ch  i syn te tycznych  po jaw iło  się po  ra z  p ierw szy  
u K a n ta , to p o k re w n e  po jęc ia m o żn a  o d n a le źć  ju ż  u H u m e 'a  i L eibn iza . A u to r  zestaw ia  i ana lizu je  
ró żn e  d efin ic je i ch a ra k te ry s ty k i po jęc ia  an a lity c zn o śc i, jak ie  p ro p o n o w a li m . in .: K a n i. 
p ozytyw iści. F rege . C a rn a p . S traw so n  i Q u ine . W sk a zu je  się. że w b ad a n iach  n ad  zag ad n ien iem  
an a lity c zn o ści czysto o d w o ły w a n o  się do  tak ich  pojęć n ie la log icznyeh . ja k :  praw dziw ość , 
n iesp rzeezność. czy d o w icd ln o ść . a te z kolei zo s ta ły  sc h a ra k te ry z o w a n e  n a  g ru n c ie  m etam a te m u - 
tyki przez  tzw. tw ierdzen ia lim itacy jne , w’ szczególności przez tw ierdzen ia G o d ła  o  n iezupelności 
i tw ierdzen ie C h u rc h a  o  n iero z strzy g a łn o śc i. W  zw iązk u  z  tvm  re fe ro w an o  d yskusję  n ad  zw iązkiem  
\vw. tw ierdzeń  z za g ad n ien iem  ro z strzy g aln o śe i p ro w a d z o n ą  przez sam eg o  G ö d la . a tak ż e  przez 
T u rq u e tte 'a . C o p ieg o . K e m e n y 'eg o . B ork o w sk ieg o  i in.


