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Abstract

This article presents a study on the impact of missing objects, untypical objects and the impact of displacing 
coordinates of the object on the results of normalization in the construction of aggregate measures for 
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investigate the properties of normalization methods. This article focuses on the standardization formula 
responsible for moving the set of objects.
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Introduction 

When ranking socio-economic objects it is essential that the values of aggregate measures 

are affected only by the properties of a given object expressed by means of its coordinates 

(i.e. indicators that describe the object). It is helpful if the measure values are not influenced, 

or influenced to a small extent only, by the changes in coordinates of other objects, the 

completeness of a set of objects or by the presence of non-typical objects. The situation is 

particularly disadvantageous when whichever object from the set of study determines the order 

of other objects to be ranked. For example, the appearance of non-typical objects can radically 

affect the ranking. 

The values of the aggregate measure which was proposed by Z. Hellwig1, the so called 

Hellwig’s synthetic measure, are affected by the methods used at subsequent stages of its 

evaluation. It found several applications, such as: construction of synthetic variables in the 

process of econometric modeling2, evaluation of product quality3, studies on regional growth4, 

evaluating stock investment attractiveness5, measurement of social status6, poverty7, famine8, 

the ease of doing business9, competitiveness10, peace11. In case of evaluating the regional growth 

it is also possible to apply the vector measure12 whose advantage is its flexibility in applying 

economics, especially in its variation where the scalar product is used exclusively13. 

All the methods of measuring the socio-economic growth require proper normalization 

of indicators. Accurate normalization determines the order of objects in the set. Theoretical 

and practical studies on a small set of objects were conducted by Kukuła and Pawełek. This 

paper presents the results of studies on simulated data where the author takes into consideration 

different size of data found in the economic studies in order to specify to what extent the choice 

of a method to determine indicators of the object set displacement affects the stability of the 

objects’ positions.

1. The test set and the analyzed normalization methods

In order to analyze the properties of the normalization methods the author generated test 

sets consisting of 6 (NUTS1 in Poland), 16 (NUTS2 in Poland), 66 (NUTS3 in Poland), 150, 

380, 700 (approximately NUTS4 in Poland) objects. The point (object) coordinates of these 

sets have a normal distribution whose average value is 2 for the axes 0X and 0Z and 1 for the 

axis 0Y. Figure 1 shows the example of a set of 380 elements.
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Fig. 1.  A test set of a size of 380 elements
Source:  own compilation.

In most normalization methods two operations are performed: the set of objects is moved 

and the scale of coordinates is changed. In general, the formula of property normalization is 

written14 as:
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where:

j
ix′  – the value of the i-th variable for the j-th object after normalization, 

Bi  – the normalization base of the i-th variable (Bi ≠ 0),

Ai, p – parameters.

The counter of this formula is responsible for the displacement of a set of points. 

The aggregate measures, which are counted in relation to the reference point which has been 

determined on the basis of the provided data set, are insensitive to this displacement. For example, 

in aggregate measures constructed according to Hellwig’s method the reference point is a model 

determined on the basis of data obtained from the matrices of closed test observations. When 

p = 1 the value Ai does not affect the calculation result. Thus it is possible to take it as zero so 

that the above formula is reduced to the form: 
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There are measures, however, for which the value Ai is relevant, such as non-model 

methods. Therefore it is important to find out to what extent Ai has effect on the result of 

normalizing these measures. With a view to that the author defines the coefficient of change in 

the value of coordinates which describes how the coordinates’ values of the normalized objects 

after normalization that has been limited solely to these coordinates differ from the coordinates 

of the objects that have been subjected to an operation: 
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where:

norm – a selected normalizing function, 

j
ix  – coordinates subjected to an operation,

M – the number of objects,

N – the number of indicators (coordinates). 

The operations performed on the coordinates will simulate certain changes in indicators 

which are describing the objects. Let the value of N be 3. For the sake of this study on the object 

set displacement it has been assumed that seven variants of the normalizing function serve as 

the normalizing function it self15.
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2. Testing sensivity to missing objects

In the research process not always is the diagnostic test full. There can be some data or an 

object missing. For instance, when preparing rankings of the European Union states we often 

find out that data concerning some countries are not available. 

In such a case the objects for which data are missing are eliminated from the set. However, 

the missing data can become available later, therefore a question arises how dismissing the object 

from the set can affect the normalization results. With a view to that a test set was randomly 

chosen from which subsequent objects were eliminated. In the process of the elimination the 

indicator of changes in the coordinate values was observed. The result is shown in Figure 2.

When reducing objects the best results are achieved by means of a method in which 

the mean value is used. When the reduction is very limited, e.g. 0.5%, the methods based on 

maximum and minimum values are better. However, the obtained results are not significantly 

better than the results for the mean value. In all the methods the indicator of changes in the 

point coordinate values is growing as the number of objects is increasing. The reduction of the 

number of objects to 10% gives the indicator value of less than 5%. Taking into consideration 

the fact that on further stages of the study the reduced number of objects affects as well the 

functioning of the methods a conclusion has been drawn that the number of missing objects 

should be as small as possible.

What is more, the method relying on a mean value provides the highest repeatability 

of results. The results obtained in subsequent computations (based on the same parameters) 

differ from one another to a small extent only – as seen in Figure 3. The lowest repeatability is 

presented by the methods basing on a minimum and a maximum. 
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Fig. 2.  Dependency of the indicator of change in the point coordinate values on the number of 
reduced objects in the set of a) 6, b) 16, c) 66, d) 150, e) 380 and f) 700 objects

Source:  own compilation.
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Fig. 3. Dependency of the repeatability coefficient on the number of reduced objects in the set 
of a) 6, b) 16, c) 66, d) 150, e) 380 and f) 700 objects

Source:  own compilation.
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3. Testing sensitivity to non-typical objects

In the course of our studies we happen to come across non-typical objects whose indicators’ 

values can be several, sometimes tens or, on rare occasions, hundreds of times larger than in case 

of other objects. The example of such an object is the district of Bełchatów whose indicators 

vary much from other districts due to a brown coal mine and a big power plant operating in the 

area, which significantly influences those indicators that are related to environmental protection 

and the local government revenue16. The purpose of the next study was to evaluate the effects 

the non-typical objects had on normalization results. To that end one of the objects was being 

moved along the one of the ox coordinate axis. The standard deviation of the set of objects along 

that axis was 2. The movement commenced at a distance of 8 along the ox axis from the center 

of the set. It ended at the same distance of 8 of the ox axis from the set centre. The objects was 

moving across the set. 

The study results are presented in Figure 4. Methods that are the most insensitive to non-

typical objects are the ones that rely on a median and a mean value. Sensitivity of the majority 

of methods to single non-typical objects decreases as the number of objects grows. It is very 

small in case of 150 objects. When the number of objects is 380 and more we can consider it 

its effect on the test results practically insignificant. The exception here are the methods using 

a maximum and a minimum which are very sensitive to non-typical objects. 

The former is sensitive to non-typical objects whose coordinates are considerably smaller, 

while the latter – to non-typical objects with coordinates considerably larger than the coordinates 

of the remaining objects. Their sensitivity to non-typical objects is so significant that it makes 

them practically useless when a given set contains any such objects. It results from the fact that 

the emergence of non-typical objects leads to the substantial displacement of the whole set. 

In such a situation the minimum method can be replaced by the percentile method. Its properties 

are similar, but it is much less sensitive to non-typical objects. 

When testing the repeatability of results the repeatability coefficient was replaced with the 

standard deviation of the indicator of change in the point coordinate values. The repeatability 

turned out relatively high. 

4. Testing sensitivity to the displacement of one of the objects

Objects are evolving in time, therefore the values of their indicators are changing in time 

as well, which leads to their displacement. However, such displacement should not affect the 

positions of other objects.
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Fig. 4.  Dependency of the indicator of change in the point coordinate values on non-typical 
objects: a) 6, b) 16, c) 66, d) 150, e) 380, f) 700

Source:  own compilation.
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Fig. 6.  Dependency of the indicator of change in the point coordinate values on the displacement 
of one of the objects : a) 6, b) 16, c) 66, d) 150, e) 380, f) 700

Source:  own compilation.
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Fig. 7.  Dependency of the repeatability coefficient on the object displacement in the set of a) 6, 
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Source:  own compilation.



Properties of Normalization Methods Used in the Construction of Aggregate Measures 43

Due to the fact that during normalization the set of objects is moved according to the value 

calculated on the basis of coordinates of all the objects, it seems worthwhile to find out if the 

displacement of one object has an impact on the coordinates of all the objects.

In order to determine the degree of that impact one of the objects was randomly chosen 

from the set and then it was moved to a randomly chosen position in space. In the course of the 

displacement the indicator of change in the point coordinate values was determined. The results 

are shown in Figure 6. On the oy axis there is the indicator of change in the point coordinate 

values, while on the ox axis – the displacement step. Zero denotes the original object position, 

while 50 – the target position. Figure 7 presents the repeatability of the obtained results. 

Because the position in space towards which the object was moving was chosen at random, the 

repeatability coefficient does not take high values. The best results are achieved when applying 

the method based on a mean value. When the set consists of more objects the standard deviation 

method has also proved useful. When the number of objects is medium or large and the object 

displacement is significant the percentile and median methods are recommendable. 

Conclusions

In the process of normalization the displacement and scaling indicators are determined on 

the basis of coordinates of all the objects, in consequence of which the changes in coordinates 

of other objects, the completeness of the object set and the presence of non-typical objects will 

in a way have an impact on the position of other objects. The scope of this impact will depend 

on the normalization method that we have chosen. In this paper the author tested the effect 

of missing objects, of non-typical objects and of the displacement of one of the objects on 

normalization results. All the above factors influence the displacement of the object set in space. 

In case of non-typical objects the minimum and maximum methods turned out the least useful. 

Their sensitivity to non-typical objects was so high that it practically eliminated them from 

the process of constructing measures that are invariant when facing the object set movements. 

One of them are the without patern. measures. methods that are the least sensitive to non-

typical objects are the methods where a mean value and a median are applied. The mean value 

method has proven most useful in case of an incomplete set of objects. The methods which are 

the lest sensitive to displacement of one of the objects are the ones basing on a minimum and 

a maximum. 
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Notes

1 Hellwig (1968).
2 Bartosiewicz (1984). 
3 Borys (1984). 
4 See Nermend (2006a); Nermend (2008a), pp. 87–97.
5 Łuniewska, Tarczyński (2006).
6 Social Watch Annual Report... (2010).
7 Ibidem.
8 Global Hunger Index... (2012).
9 Making a difference... (2012).

10 Global Competitiveness Report... (2012).
11 Global Hunger Index... (2012).
12 See Nermend (2006a), pp. 127–129; Nermend (2006b), pp. 123–126; Nermend (2008b); Kolenda (2006).
13 Nermend (2009).
14 Grabiński,Wydymus, Zeliaś, (1989). 
15 See Gatnar, Walesiak (2004), p. 35; Panek (2009), pp. 37–41.
16 Nermend (2009), pp. 114–120.
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