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C onditiona ls  can  be ob ta in d  by several ways:
-  as a  result o f  em pirical investigations;
-  from  o th e r cond itiona l o r n o n ocond itiona l p ropositions  by logical rules;
-  from  defin itions o r  o th e r term inological statem ents;
-  postu la ted ;
-  front sentences ab o u t logical en ta ilm ent.
The last way o f  o b ta in ing  cond itiona l p ropositions is the m ain topic o f  the 

paper w hich deals only  w ith first degree cond itiona ls  (cond itionals , con ta in ing  
only one occurence o f  the  cond itional op e ra to r). Such cond itiona ls  are 
im portan t: they are logically true  and  are used to d raw  conclusions from  facts 
to get facts.

Every true  en tailm ent A |—  В co rresponds to  a true  cond itional A -* B. 
W hat k ind o f cond itionals  we get depends obviously on  the system  o f  logical 
en ta ilm ent, w hich rules the en tailm ents, an d  on  the logical rules, governing 
conditionals. T he  basic system  is in this case the  system  F s o f  s tric t en ta ilm ent 
constructed  by W essel. T he p roposed  in troduction -ru le  fo r cond itionals  
allowes to use tw o im plicative structures: en ta ilm ents and  cond itionals, w ith 
d ifferent p roperties. U sing som e cond itiona l principles the class o f  cond itionals  
can change while the class o f  en ta ilm ents rem ains unchanged.

The a lp h ab et o f F s consists o f
1) coun tab le  m any  p ropositiona l variables p, q, r, p
2) tru th -func tiona l connectives л  (con junction), V  (disjunction), ~  (ne­

gation);
3) the predicate  o f  en ta ilm ent |— ;
4) parentheses.
D l .  A  fo rm ula  is a tru th -fu n c tio n a l fo rm ula , if  it is constructed  by the 

usual rules w ith tru th -func tional connectives only.

[81]
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D2. A form ula is a form ula o f  logical cn ta ilm ent. if it has the s truc tu re  
A H  B. and  A and  В are  tru th -func tiona l form ulas.

T he postu la tes for F s a re  all form ulas o f  logical en ta ilm ent having the form 
o f  one o f  the following schem ata  an d  m eeting the cond itions E l and  E2: 

E l . If  A I—  B, then В con ta in s only such p ropositiona l variables, which are 
also in A.

E2. If A I—  B. then A is no t a con trad ic tion  and  В is no t a tauto logy.
A l.  A I—  -  ~  A
A2. ~  '  A I—  A
A3. А л  В I—  A
A4. А Л В І—  В Λ A
A5. -  (А Λ В) I A V -  В
A6. ~  A V ~  В I   (А Λ B)
A7. (A V  В) Л С I—  (А Л С) V В
A8. (А Л С) V  (В Л С) I—  (А Л В )  A C
A9. A I—  А Л (В V  ~  В)
The rules o f F s are:
R l .  If  A I—  В and  В |—  C, then A  |—  C.
R2. If  A I—  В and  A |—  C. then A  —  В л  С.
R3. If  A з  В and  В з  A are  tauto logies, then С  |—  C[A/B], where 

C[A/B] m eans th a t in С all o r  som e (including no  one) occurences o f  A arc to 
be replaced by B. and  С is not a con trad ic tion  and  C[A/B] is not a tau to logy.

W essel proved: A form ula o f logical cn ta ilm ent A —  В is a theorem  in F ' 
if  and  only if: А з  В is a tau to logy , В con ta ins only such variables, which are 
also  in A, A is n o t a c on trad ic tion  and  В is no t a ta u to lo g y 1.

T o  get a cond itional system  we in troduce a non -tru th -func tiona l connec­
tive -> (conditional o pera to r: if -  then) in to  the  language:

D3. A form ula is a sentence, if the following cond itions arc satisfied: 1.
T ru th -func tiona l fo rm ulas a re  sentences. 2. If  A and  В arc sentences, ~  A, 
(А Л В), (A  V  В), (A -> В) a re  sentences.

T he construction  is com pleted  by the cond itiona l axiom  and  the con­
d itiona l rule:

A10. I—  A -► A
R4. If  A I—  В and  |—  В -> С, then |—  A -> C.

F o r the resulting system  F SK it is easy to  show:
51. I f  I—  A in F SK, then A  is a cond itional.
52. A I—  В is theorem  in F s if and  only  if  A |—  В is theorem  in F SK.
53. A I— В is theorem  in F s if  and  only if  |— A -» В is theorem  in F SK.
54. If  I—  A  -> С  and  |—  В -> С  are theorem s in F SK, then

I— (A V В) -> С is theorem  in F SK.

1 C f. H . W e s s e l ,  L o g ik , Berlin 1984, p . 170-173.
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55. If  і ( ΑΛΒ )  -> С is theorem  in F SK, and  В con ta in s no variables, 
occuring in A o r in C, then | A -> С is theorem  in F SK.

■ If А л  В I С is theorem . A ist not a c on trad ic tion  and  С is not 
a tau to logy . U nder this cond ition  and  because o f  the restric tion  on В in 
С occur only such variables, which are also in A. Let W  be a va lua tion , which 
prescribes A the value T  and С the value /·'. In any case W  can be extended to 
a valuation  W  including the variables o f  B. th a t prescribes the value Г  to A В 
too. Because o f S3 and  W essel's result m entioned above the  sentence is 
proved. ■

56. If  |— A —» В is theorem  in F SK, then | (А л С )  —» В is theorem  in F SK. 
where А  Л С is not a con trad ic tion .

■Use A3 and R l .  ■
O bviously A -» В is no t a theorem  in F SK, if A is a con trad ic tion  o r if  В is 

a tau to logy. In a direct sense this system  is a paraconsisten t logic: the 
appearance o f  con trad ic to ry  d a ta  does not force the system to  be explosive, to 
derive any form ula. T he unusual restriction  not to  conclude from  co n trad ic ­
tions is a difference between relevant and  paraconsis ten t logics and  F SK and 
has to be explained. In relevant logic from  p л  — p does not follow  q. bu t it 
follows p and  also -  p. Even if one stipula tes th a t there a re  true 
con trad ic tions p robab ly  no t all con trad ic tions  a re  true, therefore  in som e cases 
from  a con trad ic tion  does no t follow  all nonsense you w ant (as in classical 
logic), but a little nonsense anyw ay. In o rd e r to  avoid any  nonsense the 
restriction on the antecedents is m ade. O n the o th e r hand  the restriction  on the 
consequents is unders tandab le  a t once: why we should  conclude tau to logies, if 
we already  know  th a t they a re  tau tologies? Such im plications are often funny, 
so there  is an old germ an rule: I f  the cock crow's on the dunghill, the w eather is 
changing o r it rem ains unchanged.

T here  tire good reasons for the restrictions, but som etim es they seem to be 
very hard . System atically vio lating  them  we construct w eaker systems.

W e s ta r t to  build up several system s o f  cond itiona l logic by adding 
conditional rules. In all system s the set o f  en ta ilm ents rem ains unchanged, it is 
the set o f  theorem s o f  F s. T he  concrete  choice o f  rules. W'hich w'c w ant to use. 
depends o f  course on practical purposes. So it m ay, for exam ple, be useful to 
have the non -m ono ton ic  re la tion  o f  en ta ilm ent toge ther u 'ith  a m onoton ie  
conditional opera to r. Such th ings can be done, as we w ant to  show.

A d isadvan tage  o f  F SK is the  absence o f  the substitu tion  rule. So it is 
necessary to  d istinguish logically between ( p Aq )  -> p (w hat is valid on  the 
base o f A3) and  (p л  ~  p) -> p (w hat is invalid because o f  E2). though  the 
letter is derivable from  the form er by substitu tion . Logicians w orking  in 
relevant logic would argue, th a t substitu tion  is a logical rule and  therefore  the 
set o f  cond itionals, ob ta ined  from  sentences ab o u t en ta ilm ents. should consist
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oľ not only the corresponding  cond itionals, but also o t'a ll substitu tions in such 
conditionals.

W e get F SK5 by add ing  the following rule to  F SK:
R5. I f  I A -> B. then |— C —* D . w here C  -> D  is the result o f  substitu ting  

p ropositiona l variables o f  A -> В by tru th -func tional form ulas.
In this system we can  prove cond itiona ls  which do  no t m eet the cond ition  

E2: it is possible to derive cond itiona ls  w ith co n trad ic to ry  antecedents and 
tau to logical consequents.

O ne o f W esscl's system s allow s to prove entailm ents, fulfilling the 
cond ition  E l bu t failing to  m eet restriction  E2. H is system  o f logical 
en ta ilm ent Ss can  be ob ta ined  from  F s sim ply by rejecting E2. a system  SSK 
can  be constructed  add ing  A 10 and  R4. O bviously F SK5 is a system  between 
F SK and  SSK: all theorem s o f  F SIC5 are  p rovab le  in SSK, but p -> p  V ~  p is 
theorem  in the la tte r and  no t in the form er system.

In F SK5 theorem s are  all cond itionals, co rrespond ing  to  F s-entailm ents, 
and  all cond itionals  being substitu tions in such ..innocen t” form ulas. Such 
a construction  is useful, if  we w ant to  in troduce  coun terfac tuals  w ith  logically 
false antecedents in to  the system.

A dding rule R 6 to F  we get F SK6:
R6. If"I- A -> B. then I В -» ~  A.
It is easy to  see th a t som e form ulas being provab le  w ith R6 arc  v iolating 

E l . So form ulas like ~  A -> ~  (А Л В) a re  theorem s, b u t no t A -> (A V  B) 
(because there is no o rd inary  transitiv ity-ru le). In som e connections it m akes 
sense to  d istinguish between these form ulas. O ne m ay argue, th a t A  -> (A V  B) 
m eans: 011 the base o f  A  it is possible to  in troduce in to  the d iscourse w hat you 
w ant (I f  roses are red. then roses a re  red o r the m oon is a green piece o f 
cheese); bu t ~  A -* ~  (А Л В) m eans only som ething like the „m ono ton ic ity  
o f  negative in fo rm atio n "  (I f  som eth ing  is no t the case, then it is no t the case 
w hatever happens).

Systems like the m entioned  one m ay be used in deontic logic. T he well 
know n principle:

F rom  A |- В follows 0 (A ) |-  O(B) 
p roduces paradox ical situa tions in classical, relevant and  m ost o f  m odal logics. 
T he reason is no t only  the R oss-paradox:

I f  th e  sec re ta ry  h as  to  m ai! th e  le tte r, sh e  h as  to  m ail o r  to  b u rn  th e  letter;

but also  the possible occurence o f  co n trad ic to ry  A. O f course, there are 
con trad ic to ry  false norm ative con tex ts, bu t then  it is necessary to  decide, which 
norm s one has to meet. In no  case it is in a ra tio n a l sense possible to  oblige 
som eone to  generate  a co n trad ic to ry  situation . T his is, by the way, the sense o f 
a  im p o rtan t philosophical principle in political and  social philosophy: All,
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w hat is o rderd , is possible. R em em bering political practice it should be added: 
but be careful in ordering.

C oncerning  the Ross- p a rad o x  confer the m entioned  sentence with

It' the sec re ta ry  h as  to  m ail th e  le tte r, she h as  to  m ail th e  le tte r o r  to  go  to  d in n er.

Because the secretary m ay first go to have a d inner and  then m ail the letter 
o r vice versa, there is no th ing  pa radox ical a t all. T he p aradox  in the  fam ous 
secretary-exam ple raises up  from  the fact, th a t bu rn  the le tter m eans n o t to 
mail it, and  mail it m eans not to burn  the letter. T herefo re  it is a ter- 
tium -non-datu r-construc tion  in the conclusion  o f  A |-  B. w hat m akes the 
m entioned deon tic  principle leading to  paradox . Such constructions are 
explicitcly excluded by E2.

W ith sim ilar result it is possible to  add  R6 to F SK5 and  SSK. T he following
rule

R7. If  |~ A  -»B, then I-  (А Л  С) -> В 
added to F SK allows to  prove in the  resulting  system  F SK7 conditiona ls  with 
con trad ic to ry  antecedents. It is a system  betw een F SK and  SSK, d ifferen t from  
pSK5 jn pSK7 one may use jpg m o n o tonic cond itiona l o r  the non -m onoton ic  
en tailm ent and  also bo th  together. T his m ay be in teresting  in d a ta  system s, 
where the d a ta  a re  arriv ing  from  different sources: conclusions w ithin the 
different pools should be d raw n  w ith the  help o f  the m o no ton ie  cond itional, 
conclusions w ith d a ta  from  different sources w hould  be d raw n  on  the  base o f 
the entailm ents.

The cond itional in F SK67, co nstructed  by add ing  R7 to  F SK6, is also 
a m ono ton ie  one. In this system  conditiona ls  w ith  tau to log ical consequen ts  are 
provable, it is a n o th e r system  betw een F SK and  SSK, d ifferent from  F SK5.

T ogether w ith F SK the following rule constitu tes F SKS:
R8. I f  |— A —» B, then | -  A  -» (В V C): w here В V С con ta ins only such 

variables, which occur in A.
By R8 cond itiona ls  with tau to log ica l consequen ts  a re  derivable, the system 

is not equivalent to one o f  the fo rm er m entioned.
Let F SR be the system , constructed  by add ing  R5 -  R8 to F SK. T he 

cond itional op e ra to r, occuring  in p ro b ab le  cond itiona l sentences o f  this 
system , is n o t the m ateria l im plication . This is show n by an easy sentence:

57. I f  |— A B, then there  is a p ropositiona l variable , occuring  in A and 
in B.

■Use induction: the postu la tes  have the p roperty , the rules h and  it 
dow n. ■

58. By add ing  the transitiv ily -ru le  fo r cond itiona ls  (I f  |-  A -> В and 
|-  В -> С, then  I A C) the cond itiona l o p e ra to r becom es m aterial 
im plication.
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■ I. (В Λ '  B) V '  A  |· '  A  (Fs)

2. I-- A -> (А л  (B v  ~  В)) (F SK. R6. T rans.)

3. I-  (А Л  (B v  -  В)) -* (В V  ~  В) (F SR)

4. | -  А -> (В V В) (T rans.) ■

In o rd e r to  get the last system  ol' the p ap er we have to accept two 
add itiona l rules:

R9. I f  A |— В and  В | A and  | С  -> D. then |-  С  -» D[A/B].
RIO. If |-  (A V  В) -* C, then |- A -> C, if A and  С arc sharing  a com m on 

p ropositional variable.
These rules together w ith F SR constitu te  the system  F SR, con ta in ing  all 

m eans to construct norm al forms.
T he rule RIO w ithout restric tion  is one o f the often discussed rules in 

cond itional logic. T here  are som e coun terexam ples against this rule, for 
instance:

Krom  . .I f  th e  sec reta ry  has to  w rite  a le tte r o r  to  go  ho m e, site w ou ld  go h o m e"  follow s by
un re s tr ic ted  RIO ..I f  th e  sec re ta ry  h as  to  w rite  a letter, she w ou ld  go  h o m e" .

T he restriction  on  RIO prevents the appearance  o f stlch exam ples, fo r­
m ally it prevents the validity  o f  (p л  ~  p) —► q. T herefo re  S7 holds also 
fo r F s r  .

S9. If  | -  A  -» B. there is a form ula  С  such, th a t I- A  -> С and  | С  -* В. and
in С are only these variables, which occur also in A and  in B.

■In Fsr  are all m eans to construct for any form ula the corresponding  
form ula in extended disjunctive no rm al form  (a disjunctive norm al form  such, 
th a t fo r all occuring  variables holds: they occur -  w ith o r w ithou t negation  - in 
all elem entary  conjunctions). Because o f R9 it is sufficient to  show  S9 for 
form ules in extended norm al form.

Let A and  В be form ulas in cx tanded  disjunctive norm al form  and  Ι ­

Α -> В. Let С  be the result o f  erasing  in A all p ropositiona l variables, which do 
not occur in В. С  exists because o f  S7.

F o r all e lem entary  con junctions A; o f  A  there is an  e lem entary  con junc­
tion Cj o f  С such, th a t fo r the sets o f  occuring  a tom ic  form ulas {Aj} and  |C j] 
holds {CjJ ε  [Aj]. F o r these Aj and  Cj the cond itiona l Aj -> Cj is provable 
because o f  A3, and  so is |~ Aj -> С fo r all Aj. By S4 follows | -  A -* C.

Since I- A -► B. fo r all Aj because o f  RIO is valid | -  Aj -* B. Any Aj is 
a con junction  Cj л  D;, and  Dj does no t share  variables w ith C; and  B; therefore 
(by S5) follows I Cj -> B. Since this holds for all Cj, | -  С  -»В  is valid because 
o f  S4. ■

T he In te rpo lation -theo rem  S9 can be proved also in the form ulation:
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If  |·· A -» В an d  A is n o t a c o n tra d ic tio n , then  th ere  is a  fo rm u la  С  su ch , th a t  A С  and  
С  -» В. a n d  C' c o n ta in s  o n ly  v a r ia b les , o cc u rin g  in  B.

F SR is not equ ivalen t to  the relevant system  F D E  o f  first degree 
entailm ent. In all m entioned system s 1— (( — p q) p) -> q (the у-princip le) is 
valid, in F D E  not. In F D E  we have unrestricted  transitiv ity , S8 shows, that 
F SR together with transitiv ity  collapses to a system o f m ateria l im plication.

Fsr  is not equivalent to the first degree fragm ent o f  the system SI o f  strict 
im plication. T he so called paradoxes o f  strict im plication  are no t p rovab le  in 
F SR . bu t it is easy to see, th a t F SR is a subsystem  o f  SI.

H u m b o ld -U n iv crs ity , B erlin 
G e rm a n y

Uwe Scluj'fler

O K R E S Y  W A R U N K O W E  O P A R T E  N A  Ś C IS Ł Y M  „ E N T A I L M E N T '

W arty k u le  rozważ;» się o k re sy  w a ru n k o w e  o p a r te  na system ie ścisłego en ta ilm e n t F s 
sk o n s tru o w a n y m  p rz ez  W essela. P o p rzez  u zupe łn ien ie  ak s jo m aty k i i regu ł in rerencji F s o trzy m u je  
się system  FSK. p o s iad a ją cy  dw ie s tru k tu ry  im plikacy jne. typu : e n ta ilm e n t i o k re su  w a ru n k o w e g o . 
K on sek w en c ją  dalsze j m o d y fik ac ji system u  F SK p o p rz ez  w p ro w ad z en ie  d o d a tk o w y c h  reguł 
in ferencji, system y F SK5. F SK6 i F SK7. je s t  zm ia n a  o d p o w ied n ic h  k las  o k re só w  w a ru n k o w y c h  bez 
zm iany  e n ta ilm en t.


