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H euristic Solving L inear P rogram m ing  P roblem s

H eurystyczne rozw iązyw anie problem ów programowania liniow ego  

Эвристическое реш ение проблем линейного программирования

The exact solutions of lin ear program m ing problem s are  obtained 
by m eans of sim plex m ethod and the electronic calcu lating  m achines. 
T he paper is aim ed a t show ing th a t finding the  approx im ate  solutions 
of certa in  im p o rtan t p ractically  lin ear program m ing problem s by m eans 
of h eu ris tic  approach requ ires using n e ith e r the  sophisticated  algorithm  
n o r the  electron ic com puter. L et us notice th a t the adv isab ility  of such 
an  approach  to solving lin ear program m ing problem s as w ell as the 
p ractica l usefu lness of the  approxim ate solutions had been firs t em pha­
sized by L. V. K antorow icz (1).

The paper is divided into tw o parts. The general exposition of the 
heu ristic  approach is follow ed by several exam ples of its application.

1 . L et us consider th e  follow ing lin ear p rogram m ing problem :
m axim ize th e  objective function
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S =  X TR (1)
su b jec t to

A X + Y =  P 0 (2)

(3)
(4)

w here
X — the colum n vector ( n X l )  of the decision variables, 

X T — the transposition  of the vector X,
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Y — th e  colum n v ec to r ( m X l )  of th e  slack variab les,
R — the colum n vec to r ( n X l )  of the  objective function  param eters ,
A — the m a trix  ( m X n )  of the  coefficients,

P 0 — the  colum n vec to r ( m X l )  of the constants.

A ssum ing th a t som e coefficients in the m a trix  A are equal to zero 1 
the app rox im ate  solution of th e  problem  (1)— (4) can be found by m eans 
of the  follow ing h eu ris tic  procedure:

a) F inding the f irs t so lution:

— choosing th e  firs t sequence of the  decision variables:

on th e  basis of

w here

ajj — the e lem en t of th e  m a trix  A s tand ing  in the  i- th  row  and the 
j- th  colum n, 

bi — the  i- th  elem en t of the  vec to r P Q.

—  find ing  th e  vec to r of th e  constan ts:

w here

Pj —  th e  j- th  colum n vec to r of the m a trix  A corresponding  w ith  the 
variab le  xf

1 Let us notice that it das not pay to use the heuristic approach w hen there 
are all coefficients bigger than zero in the m atrix A.

w here

j e N
N — the set of the  decision variab les subscrip ts 
rj — the j- th  elem en t of the  vec to r R.

find ing  th e  m ax im um  value, of the  variab le  x* :
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—  finding the  m axim um  value of the  variab le  x2 :

2 I K  b2 b m'\max. x: =  -------, ........................
\  a ] j  a 2j  mj  I

w here

w here
P? —  th e  j- th  colum n vec to r of th e  m atrix  A corresponding  to the 

variab le  xf

— finding  the m axim um  value of the variab le  x ?

w here
Pj1 —  th e  j- th  colum n vector of the m a trix  A corresponding to the 

variab le  xj1

— find ing  the values of the slack variables:

b) F ind ing  the  second solution:
— choosing the second.sequence of the  decision variab les on the ba­

sis of the f irs t  sequence and  the resu lts  of the firs t solution 2

2 The w ay of perform ing that operation will be further explained w hen solving  
an exam ple below.

w here

Y — P1 r ol
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—  p erfo rm ance of th e  operations show n above w hen  looking for the 
firs t solution.

(s) Finding the s-th solution 3 in th e  w ay  show n above.
(s+ 1 ) Choosing th e  ap p ro x im ate  solu tion  of th e  problem  (1)— (4):

—  finding  the  app rox im ate  m ax im um  value of the  ob jective function  
on the  basis of

pX t (p =  1, 2, ..., s) —  th e  vec to r ( lx n ) of th e  values assigned 
to th e  decision variab les in th e  p -th  so lu tion  

—  defin ing  th e  app ro x im ate  solution: 
assum ing  th a t th e  appr. m ax. S has been achieved in th e  p -th  solution 
then  th e  app rox im ate  so lu tion  is g iven by  the  vectors: pX t and 
Y =  P qp  " w here  P q p-" ls the  vec to r of the  constan ts obtained in the 
p -th  solution 3.

An exam ple.
M axim ize th e  ob jective func tion

appr. m ax. S =  m ax. ^XTR, 2X t R, ..., SX TR)

w here

4

j =1

sub jec t to

anxi + a i3x8 +  ai4x4+y1
&22x 2

a32X2 “t- a.34x 4
a « x i

353X3+ a54X4

+  y 2

=  bj
=  b 2

+  Y3 =  b 3

+  y 4 =  b 4

+  y5 =  b 5

Xj >  0 (j =  1 ... 4)

y 3+k > 0  (k =  1 ... 5)

3 As our experience show s, at least tw o solutions are necessary for choosing an  
approxim ate solution satisfactory practically.
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(a) Finding the first solution:

— assuming that z4 >  z3 >  zi >  z2, then the first sequence of the 
decision variables is as follows:

x 4 x 3 Xi x 2
— assuming also that

. / bx b3 b6 \ bx
max. x4 =  mm. ----- , -----,  1 = -------

\ a14 a34 a54 / a14

“ 0

W a14
b’ b, 0 b3- a 31A

— then P01 =  P0—X4P4 =  b3  a34 =  ai4
b4 a*4 0 b4

bs a 54 , W-  —* U J  b5 a54 ----
— a 14 —

. /  0 b5—a54 —  \
— max. x3 =  mm. ------, a14 I =  L)

\ 3,13 I\ a 53 /

. / 0 b4 \
— max. Xj =  mm. ------,  1 =  0

\ an  a41 I

I bj \ b x
/ b2 b3—a34 \ b3—a34

— assuming that max. x2 =  mm. I  , a14 =  a14

\ a 32 / a 32

0

b2 , r 0 1
k u 1

b —a 1 b3 ~ a 34 — a 22,, „ u3 d34 a14— then P01 =  P01- x 2P2 =  a1 4 ------------------------a32 =
b4 a32 0

, bi Lo _
a 54 -----

_  a 14 _

- 0 -1 r y r
b2 a22x2 y2

=  0 =  y3
b4 y4

- b5 —a54x4 J  L y 5_

19 — Annales..,
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(b) Finding the second solution:

—  as th e  second sequence of the  decision variab les w e assum e:

x 3 x 4 Xi x 2

because in  the  f irs t  so lu tion  x 2 >  0 and  x 3 =  x j =  0 in sp ite  of th a t 
z3 >  Zi >  z2.

—  assum ing th a t  x

/ bl b5 \ b5
max. x 3 : mm. ------ ,  1 = -----

' a l3  a 53 /  a 53

bi a13 bj a13x3
b2 ^ 0 b2

then Pq2 =  Pо x3P3 =  b3 0 =  b3
b4 a53 0 b4

- b5 _ _ a53 _ _ 0

/  W а 1зхз bs 0 \
— max. x 4 =  mm. ---------, ----------- ,   =  0

\ a14 a34 a54 /

— assum ing n ex t th a t

/ b j—a13x3 b4 \ b4
max. Xi — mm. I-------------- , ----- = -----

\ a14 a41 / a41

” bi—a13x3 “i r ai i “| Г bi—(а^Хз+ацХ!)"
b2 b 0 b2

— then P”2 =  Pq2—XlPj b3 ------ -- 0 =  b3
b4 &41 a4l 0

_o J Lo J Lo

—  and assum ing las tly  th a t

■ ^ - ( a j a x a + a n x j - j  ГО ~
b2 ^ a22

t h e n  P 02 =  P 02 x 2 ^ 2  =  ^ 3  a 32 =

0 a22 0
_o J  Lo _

. / b2 b3 \ b2
max. x 2 — mm. I ,  1 = -----

' a22 a32 / a22
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(c) Choosing the approx im ate  solution:

— assum ing th a t

appr. m ax. S =  m ax. 0 X TZ, 2X TZ) =  2X*Z 

—  then  the app rox im ate  solu tion  is as follows:

L et us notice th a t th ere^are  exactly  five values la rg e r th an  zero in 
the approx im ate  solution w hich signify th a t  th e  solu tion  is basic.

2. We shall now  tu rn  to the applications of the p resen ted  heu ristic  
approach. The n a tu re  of the f irs t p roblem  w e are going to deal w ith  is 
as follows:

to find  such p roduction  p rogram  X T =  [x1( x 2, ..., x n] w hich m axim izes 
app rox im ate ly  th e  objective function

and fu lfills  th e  conditions

A X  <  P,O

w here

Wj,nj  — the u n it ou tpu t, input, respectively

Wj
------------the  u n it effectiveness

n j

19*
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n

E w'x->j-1
n

Z * -fzi w
E =  — ---------- =  —  — the average effectiveness

\  n
z , 11̂
i =» i ________

n

S-.
j = i

where

w, n —  the average output, input, respectively  

Thus

where

Ea —  the m aximum value of the objective function,

I Wj V / Wj \ "
 ̂ J ^— - J  — the sm allest, largest unit effectiveness, respectively

Let us now consider the follow ing num erical example: 
m axim ize the objective function

37xx + 2 8 x 2+ 30x3+ 2 5 x4 + 1  7x5 + 1  8x6 
148x2+ 1 22xa +140x5+136x4 -f100x5 +  120x6

subject to

Xi + y i r  =  8 000
x 2 + y 2 =  25 000

90xi +  80x2 +  75x3+ 5 0 x 4+ 5 2 x 5+ 6 0 x 6 + y 3 =  2 870 000
30x! +  20x2 +  20x3+  18x4+ 4 6 x5+ 3 4 x6 +  y 4 =  775 000

x3 (j =  1, 2 ... 6 ) > 0  

y k (k =  1, 2 ... 4) >  0

(a) Finding the  first solution:
—  the first sequence of the decision variables is

Xi x 2 x 3 x 4 x 5 x 6
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because the unit effectiveness indicators rj are

where

j 1 2 3 4 5 6 

rj 25 23 21 18 17 15

rj =  [wj/nj] 100

/ 8000 2 870000 775000
— then max. xj — min. 1— -—  , -----—------=  31 889, — ——

=  25 833) =  8000

then P01 =  Pc- x 1P1

8000 1 0
25 000

- 8  000
0 25 000

2 870000 90 2 150000
775 000 30 535 000

— then max. x 2 =  min. —̂ -
/25000 2150000

80
=  26875 ,

535 000 

20 ~

=  26750) = 25000

then P01 P01 x2P2 —

0 0 0
250 00 1 0—25000 -

2 150 000 80 150 000
535 000 20 35000

150000 35000
then max. x 3 =  min. I— ——  =  20000 , ——— =  1 750) =  1750

75 20

then P01 P01 x3P3 —

0
0

150000 
35 000

-1 7 5 0

0
0

75
20

0
0

18 750 
0

th e n  x 4 =  x 5 =  xg =  0 a n d

yi 0
y2 0
y3 18 750
y* 0



294 W. Tom aszew ski

As can be in fe rred  from  th e  foregoing discussion th e  solution just 
ob tained  can be a lre ad y  considered as the  one looked for. The co rres­
ponding v alue  of th e  ob jective  function  is th e  m axim um  value Ea, 
assum ing th a t th e  values of th e  slack variab les are m inim ized.

The n ex t p rob lem  to be considered here  is given in Table 1. W hen
solving it, le t us f irs t  no tice and take  advan tage of its specific s tru c tu re .
N am ely, th e  se t of 16 decision variab les can be div ided in to  two parts. 
To the  f irs t  p a r t belong those variab les values of w hich m ay be d e te r­
m ined  in d ep en d en tly  on th e  basis of only  one app ro p ria te  constra in t:

x5 (2)
x 6, x 7, x 8̂ x 10, X u , x 16 (3 )4>
Xl2 (5)

and  to th e  second p a r t those rem ain ing , values of w hich cannot be found
in  such  a w ay:

(a) Finding the values of the decision variables belonging to the first 
category:

120
—  m ax. x5= - ^ -  =  2 and y 3 =  0

322
—  m ax. x 12 =  =  10 and  y 5 =  0

—  the sequence of th e  variab les x 6, x 7, x 8, x i0, Xn, x i6 is as follows:

j 16 6 7 8 11 10

because th e  s tan d ard ized  p aram ete rs  of the  objective function  are

j 6 7 8 • 10 11 16
ej 0,028 0,025 0,0224 0,016 0,0215 0,085

w here  ej =  r-j/a2j

w h ere  rj —  th e  j- th  p a ram e te r in th e  ob jective function, 
a2j —  th e  j- th  coefficient in th e  second constra in t.

2430
—  hence m ax. x 16 — ——— — 30

and  x 6 =  x 7 =  x 8 =  xio =  x u  =  0 

and  y 2 =  0

4 The reference num ber of the constraint,
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(b) Determ ining the values of the variables belonging to the second 
category:

—  to m a x im iz e

F' =  0 ,88x 1+  1 ,94x 2 +  3 ,8x 3 +  5 ,4 4 x 4 + 6 ,8 6 x 9 + l ,9 4 x 134 -1 0 ,5 x i4 + 1 0 ,9 3 x i5  

su b je c t  to

(1) 8 9 ,3 x !+ 1 6 4 x 2+ 1 3 2 ,2 x 3+ 199,7x 4+ 5 0 1 x 9 +  6 7 ,6 x ia + 6 0 3 ,6 x i4  +  4 6 9 ,3 x 15+
+  y i  =  3424

(4)

(6)

( 7 )  1 6 X i +

49,93x9

1 6 , 1 1 x 3 +  3 3 , 8 3 x 4

+  26,04xi4+26,04xi5+  
+  y 4 =  4 6

+  Ye =  35

+  y 7== 20

—  th e  se q u e n c e  o f th e  d ec is io n  v a r ia b les  is

X 3 X i 3  X 4 X 15 x 14 x 9 X 2 Xi

b eca u se  th e  sta n d a rd ized  p aram eters o f th e  o b je c tiv e  fu n c tio n  are

j 1 2  3  4  9 1 3  1 4  1 5

f j  0 , 0 1 0  0 , 0 1 2  0 , 0 3  0 , 0 2 7  0 , 0 1 4  0 , 0 2 8  0 , 0 1 7  0 , 0 2 3
v

w h e r e  fj =  rj/aij

w h e r e  aij —  th e  j - th  c o e ffic ie n t  in  th e  f ir s t  co n stra in t

/ 3  424 35 \
— max. x 3 =  min. ---------=  25,9 ,   =  2,17 =  2,17

\ 132,2 16,11 /

3 424 132,2 3 137,13

_ P' = P _ x P  =  46 - 2 1 7  °  =  46o 0 3 3 35 ’ 16,11 O
20 O 20
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—  m a x . x 13 =
3 137,13 

67,6
=  46,41

P0 — Po Xi3Pi3 —

3 137,13 
46 
0 

20

-46,41

67,5 0
0 46
0 0
0 20

—  hence xj =  x 2 =  x 4 == x 9 =  Xu  == x 15 =  0

Vi 0
y4 46
y6 0
y? 20

T aking in to  account the  show n specific s tru c tu re  of the  problem  and 
th e  p erfo rm ed  standard ization  of th e  objective function  p aram ete rs  we 
shall assum e as the  app rox im ate  solution the  one ju st obtained:

x 3 =  2,17 x 3 =  2 X12 =  10 x 13 =  46,41 x 16 =  30

y 4 =  46 y 7 =  20

L et us notice m oreover th a t th e  outlined  h ere  general idea of the  
h eu ris tic  solving lin ear p rogram m ing problem s has — as our experience 
proves — m any  applications of p ractica l im portance, e. g. in find ing  the  
p roduction  asso rtm en t a t the fac to ry  level.
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S T R E S Z C Z E N I E

Celem tego artykułu jest ukazanie, że aby znaleźć przybliżone rozwiązania pew ­
nych praktycznie istotnych problem ów  program ow ania lin iow ego za pomocą po­
dejścia heurystycznego, nie jest konieczne stosow anie ani skom plikow anego algo­
rytm u, ani kom putera elektronicznego.

Artykuł dzieli się na dw ie części. Po ogólnym  przedstaw ieniu proponowanej 
procedury heurystycznej następuje kilka przykładów  jej zastosowania.

Р Е З Ю М Е

Цель статьи — показать, что для того, чтобы найти приближенное реш ение 
некоторых сущ ественных с практической точки зрения преблем минейного про­
граммирования с помощью эвристического подхода, необязательно применять ни 
сложный логарифм, ни электронный компьютер.

Статья состоит из двух частей. После общего представления предлагаемой  
эвристической процедуры  приводятся примеры ее применения.


