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M etods ef C onsidering R isk in P rogram m ing  M odels U sed in A gricu ltu re

M etody uw zględniania ryzyka w  m odelach optym alizacyjnych  
stosow anych w  rolnictw ie

Методы учета риска в оптимализационных моделях, 
применяемых в сельском хозяйстве

F arm  organization  p lanning  calls for tak ing  in to  account m any 
v arian ts  of possible solutions of th e  problem  as w ell as for ad ju stm en t 
to m any  constra in ts  im posed by n a tu ra l and economic conditions. Due to 
th is  fact, lin ea r p rogram m ing  is recognized as an efficient in s tru m en t of 
optim izing production  and  investm en t plans, although  no t free  from  
defects. One of them  is th a t conventional lin ear program m ing  cannot 
ad eq u ate ly  cope w ith  fluctua tions of crop yields, prices and of o th er 
,param eters . C onsequently , th e re  was a long-prevailing  opinion th a t 
lin ea r program m ing  could be used in very  ra re  cases only. O ver the  last 
severa l years, how ever, s ign ifican t progress has been m ade in the 
so-called stochastic program m ing, especially in its theory . N um erous 
m ethods also appeared  w hich could be, and indeed w ere, applied  in ag ri
cu ltu re . I t  w ould  be useful to p resen t a t least some of th e  m ost im por
ta n t  fo rm ulations. F o r the in te re st in lin ear p rogram m ing is re la tiv e ly  
h igh  w hile th e re  is little  in fo rm ation  in Polish  scientific li te ra tu re  on 
th e  m ethods of risk  considering.

I. FORMULATION OF THE PROBLEM

A stan d ard  version of the  lin ear program m ing problem  is th e  follow 
ing:

m axim ize m Tx, such tha t:

A x <  b and x  >  0
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w here:
m T — a colum n vecto r of objective function  p a ram ete r m ean values, 

x — vec to r of activities,
A —  an in p u t-o u tp u t coefficients m atrix , 
b —  vecto r of availab le  am ounts of scarce resources.

W e have to assum e th a t  th e  v ec to r m  and  also th e  m a trix  A are
su b jec t to flu c tu a tio n  because flu c tu a tio n s  of crop y ields and prices 
canno t be excluded . In  som e cases th e  vec to r b has to be considered as 
well: the  am oun t of availab le  labour in respective periods of d iffe ren t
y ears can d iffe r due to changing w ea th e r conditions.

II. RISK CONSIDERING IN OBJECTIVE FUNCTION PARAMETERS

If w e assum e th a t p rices are th e  only source of flu c tu a tio n s of ag ri
cu ltu ra l p lann ing  p a ram ete rs  or th a t a ll crops grow n on the fa rm  are 
cash crops, it is su ffic ien t to co n cen tra te  on objective function  p a ram e
te rs  only. T his assum ption, ap p a ren tly  artific ia l in fa rm  conditions, is 
u sefu l to th e  e x te n t th a t it p erm its  to see the  approach to th e  problem  
of risk  in objective fu n c tio n  p aram eters . The ex tension  of chance action 
upon o ther e lem en ts  of th e  lin ear p rog ram m ing  model, th a t  is an in p u t- 
-o u tp u t coefficient m a trix  and  a rig h t-h an d  side vector, does not in any  
w ay  affect th e  approach  to the  in tro d u ctio n  of risk  in to  the  objective 
function. In  the  tw o oldest and best-know n m ethods of considering 
risk  in ob jective func tion  p aram eters , fo rm u la ted  by  M arkow itz (14) and 
F reu n d  (10), th e  m easure  of flu c tu a tio n  is th e  to ta l variance of ob jec
tive function:

VmTx =  xTDx,1 w here:

D —  variance-covariance m a trix  of ob jective function  p a ra 
m eters,

x T, x —  colum n and row  vectors of activ ities, respectively ,
VmTx — to ta l varia tio n  of objective function .

The M arkow itz m ethod  (14) w as o rig inally  m ean t for choosing

1 Or another way: VmTx =  Z x ia f +  2  S x ix ja lj5 w here
j=i»=1

Xi — i-th  activity,
Xj — j-th activity ,
a — variance of objective function param eters of the i-th  activity, 

oij — covariance betw een param eter values of the i-th  and j-th  activities.
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a stocks com bination, hence its nam e of ’’portfolio selection” . It is 
founded  on th e  assum ption th a t th e  goal^of financial ac tiv ity  is to m axi
m ize the  p rofit, w hich, tran s la ted  into fo rm ulas of lin ear program m ing, 

jn e a n s  a m axim ization of m Tx objective function , w ith  Ax ^  b and 
x >  0. The Ax ^  b constra in ts  a re  necessary  because the  am ount of 
m oney th a t could be spen t for stocks by any  indiv idual or com pany is 
lim ited  ju st as is the  am ount of a single f irm ’s stocks available on the  
m arke t. It also follow s from  th is assum ption th a t th e  m axim ization 
should  be such th a t the  to ta l varia tio n  of p ro fit does no t exceed a c e r
ta in  value, w hich could be accepted by a decision-m aker. This m eans 
th a t an add itional co n stra in t has to be im posed on m Tx, th a t is x TDx ^  
<  a, w h ere  a the  m axim um  adm issible value of objective function  v a r ia 
tion. Since th is is an en tire ly  sub jective value and it is d ifficu lt to assu
m e any  re la tio n  betw een  a and m Tx in advance, the  m ost convenient w ay 
of solving th is  p rob lem  is to use p aram etric  program m ing, w ith  th e  p ro 
b lem  fo rm ula ted  as follows:

m axim ize: m Tx, such th a t

Ax ^  b 

x TDx ^  a 

x  ^  0, w here: 

m T, x, A, b, D and a as above.

Such problem s could not be solved in th e  ea rly  fifties w hen  the
’’portfolio  selection” m ethod  w as form ulated . The converse problem , th a t 
of m in im ization of objective function  varia tion , w ith  the  assum ption th a t 
th e  m ean value of the  pro fit w ill not decrease below a ce rta in  value, 
could a lread y  be solved owing to the  ea rlie r w ork  by K uhn  and  T ucker 
(12). Its m athem atica l solution tu rn ed  out to be identical w ith  the  orig inal
problem . T he final version  of th e  M arkow itz m ethod can th u s be fo r
m u la ted  as follows:

m inim ize: x TDx, such that:

A x <  b,

m Tx ^  |3,

x ^  0, w here

m, x, A, b, D as above
(3 — p aram ete r determ in ing  th e  m inim um  acceptab le 

p rofit.

The solu tion  to th is p roblem  are  pairs of m ean p rofit value and  p rofit 
variations, and  a corresponding set of values of each ac tiv ity  involved.
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A choice is m ade according to ind iv idual p re feren ces  of p ro fit he igh t 
and its variance. In  o ther w ords, so lutions a f te r  the  ’’portfo lio  selection” 
m ethod  provide in fo rm ation  th a t w ith  a given m ean p ro fit value, v a r ia 
tion equal to  x TDx canno t be avoided, and th a t in  th is case all activ ities 
have to asum e th e  values as in th e  op tim um  solution to th e  foregoing 
problem .

F reu n d  founded  his m ethod  on th e  ’’u tili ty  th eo ry ” fo rm u la ted  by 
von N eum an and  M orgenstern  (9). The cen tra l poin t of th is th eo ry  is 
the  assertion of a decrease in m oney value follow ing its acquisition 
u n ce rta in ty . This m eans th a t of tw o fa rm  en te rp rises  w ith  the  sam e 
am oun t of p rofit, the  one w ith  a low er p ro fit v aria tio n  is ’’m ore usefu l” . 
M oreover, tw o en terp rises  w ith  d iffe ren t p ro fits  and w ith  a d iffe ren t 
ra te  of p ro fit varia tio n  have equal ’’u ti li ty ” if th e  en te rp rise  w ith  
a h ig h er p ro fit v aria tio n  obtains th is  p ro fit h ig h er by a defin ite  am ount. 
This value varies w ith  every  ind iv idual fa rm  operator. T he re la tiv e  
m easu re  of th is v a lu e  is re fe rre d  to as a ’’risk  aversion coefficien t” . T he 
re la tio n  b e tw een  p ro fit heigh t and its v a ria tio n  and p ro fit u tility  is 
called u tility  func tion .2 The one proposed by  F reu n d  fo r fa rm ers  has 
th e  follow ing form :

f(u) =  1— e~ar, w here

e —  n a tu ra l lo g arith m  base, 
a —  risk  aversion  coefficient, 
r  —  p ro fit heigh t.

T he bigger a is, th e  less re ad ily  a fa rm  opera to r w ill tak e  up risk, 
and th e  h ig h er p ro fit has to be obtained  to level h ig h er v aria tio n  in 
a lte rn a tiv e  activ ities. A ssum ing r  to have a n o rm al d istribu tion , the 
expected  u ti li ty  v a lu e  w ill be as follow s:

E(u) =  [x—ao2/2, w here :

(i —  m ean p ro fit value, 
a — risk  aversion  coefficient, 

g2 —  p ro fit varia tion .

T ran sla ted  in to  lin ear p rogram m ing , th is m eans:

m axim ize: m Tx — j  x TDx such tha t:

A x <  b

x  >  0

2 Freund called this relation the ’’utility  of m oney function”. In other papers, 
the term  ’’utility  of fu nction ” can be encountered.
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S olution  of the  above problem s, w here  risk  has been dea lt w ith  
according to the  tw o p resen ted  m ethods, requ ires q uadratic  p ro g ram 
ming. A vailable com puters solve th a t  problem  easily, nevertheless, 
quad ratic  program m ing  is fa r less convenient th an  linear program m ing, 
m ain ly  because the  size of problem s is th en  m uch m ore lim ited. H ence 
th e re  w ere  a ttem p ts  to m odify and adap t the  portfo lio  selection and 
F reu n d  m ethod to th e  sim plex procedure, and to linearize th e  objective 
function.

The best-know n  linearization  of the  portfolio  selection m ethod  is 
the so-called MOTAD proposed by H azell (11). Its  guiding idea is to 
rep lace varia tio n  by absolute deviation. H azell assum es fu r th e r  th a t it 
is suffic ien t to take in to  account negative deviations only. T he resu ltin g  
fo rm u la  is as follows:

n

m inim ize ^  yr- such that:
i= 1

Ax <  b

m Tx  >  {3, w here

yj- — negative absolute deviation of j- th  ac tiv ity  
from  its m ean profit value.

Chen and B acker (7) proposed a linearization  of objective function
a

E(u) =  m  x — —  x 1 D x , founded on the assum ption th a t no ac tiv ity  can

be activated  beyond th e  point w here  its m arg inal u tili ty  assum es a zero 
value. This m eans th a t th a t th e  value %of any  ac tiv ity  can be increased 
as long as its increase adds any th ing  to th e  sum  of to ta l u tility . If th is  
lim it is exceeded, to ta l u tility  decreases. This m arg ina l u tili ty  equals:

dE (u)  a
^  SljXj, where:

1 j='l

Sjj — covariance betw een the i-th  and j- th  activ ities 3.

3 The value of convariance betw een the objective function param eters of the 
i-th  and i-th  activity is the variance of objective function param eter of the i-th  acti
vity, w ith the m arginal u tility  thus being as follow s:

oE(u) 2 ;
  =  m, =  aSjXi4-2a 2, SijXi, where S2 is of course the variance

<TXi j = i

of objective function param eter of the i-th  activity.



C onsequently , the  problem  to be solved is as follows:

m axim ize: mTx , such th a t

Ax <  b

na
m> - - r 2 u SijXj

z  j=i

w here  i =  1 ... n, j =  1 ... n 

n  x th e  n u m b er of activ ities 

O r an o th er way: 

m axim ize: mTx , such tha t:

Ax <  b

2
Dx <  —  m

a

x >  0

U nfortunately , so sim ply fo rm u la ted  a problem  can be solved only if s  
assum es a positive values. If any  ac tiv ity  of w hich the x  vec to r consists, 
say x k, assum es a zero value, it could tu rn  out th a t th e  constra in t:

a n ’ 
mk- —  ^  skjx / >  0

I j=ii)

is re s tr ic tiv e  to o ther activ ities a lthough  xk should not have any  
influence on th e  op tim um  solution, because it is an idle ac tiv ity . C hen 
and B acker developed a m u lti-s tag e  a lgo rithm  for th is purpose, w hich 
g rad u ally  rem oves all . id le activ ities and th e ir  corresponding con
s tra in ts  w hich ensure  the  assum ption  of its non-negative m arginal u t i
lity . The algo rithm  is 'th e  follow ing:

1. F ind an op tim um  solu tion  of a p aram etric  L .P. problem :

m axim ize: mTx , sub jec t to:

Ax <  b

2
Dx <$ —  m

u

x >  o w here: 

a —  a p a ram e te r assum ing values from  + o o  to 0.
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2. R ecord th e  w hole set of solutions and th e ir objective function  
values, if none of th e  dual solutions associated w ith  th e  constra in ts  
w hich are to p reserv e  non-negative Xj u tility , assum es a positive value.

3. R em ove from  th e  x vec to r all th e  activ ities w hich are  not in th e  
basis and all th e  corresponding constra in ts ensuring  non-negative Xj 
u tility .

4. F ind  a new  set of solutions. Come back to step  2 and record  only 
solutions w ith  a low er m Tx v alue th an  p reviously  obtained.

A nother w ay of th e  linearization  of objective function  in the  M arko
w itz m ethod is ’’S eparable  P ro g ram m in g ” (27).

I t  consists in  the  division of the x TD'x function  in to  a sum  of single
arg u m en t functions, w hich perm its, th e ir  spatial linearization .

The th ird  approach to the problem  of objective function  fluctua tions 
is founded  on the  th eo ry  of gam es. In th e  Polish economic lite ra tu re  
th is  approach  has been  described in deta il by T. M arszalkow icz (15). 
It appears, how ever, th a t a fu r th e r  discussion w ill be m ore lucid if the  

isic ten e ts  of th e  th eo ry  are explained  a t th is point.
In th e  fa rm  organization p lann ing  or o ther decision m aking, the  

s-o-called gam es w ith  n a tu re  are selected  ou t of a n u m b er of gam es 
covered by th is theory . These gam es have such a p ro p e rty  th a t the 
opponent in the  gam e — n a tu re  — although ru th less, is no t sp itefu l. I t 
is th e re fo re  assum ed th a t a p lay er — in th is case a decision m aker — 
faces m  possibilities, each of them  having n realizations of th e  v alue  
u n d er consideration. The problem  is to select one out of m possibilities, 
the  choice in no w ay affecting the  opponent’s action. The selection need 
not be lim ited  to the  choice of one possibility, w hich is called ’’p u re  s tra 
teg y ” . This can also be any com bination  of possibilities, w hich  is th en  
called ’’m ixed s tra teg y ” . M ean values or variances as a c rite rio n  of 
choice canno t be applied  as th ey  cannot be calcu lated  because noth ing  
is know n about th e  p ro b ab ility  of any m realizations.4 The only  in fo rm a
tion  we have is the  set of values w hich every  m possibility  can assum e. 
To deal w ith  th is re a lly  d ifficu lt situation, the  m inim ax ru le  is adopted 
if th e  realizations of m are costs, and the  m axim in ru le  if the  rea lia - 
tions of m  are incomes.

The m inim ax ru le  consists in the  choice of such a p u re  or m ixed s tra 
tegy  th a t has the  low est m axim um  cost value of a ll m ixed and p u re  
strateg ies. By analogy, the  m axim in ru le  selects such a m ixed or pu re

4 The m ean  v a lu e  as a criter ion  of se lec tio n  is ca lled  the L ap lace criterion . It 
is based on the assu m p tio n  that if  th e  p robab ility  o f no m  rea liza tio n s can  be d e
term ined , it is n ecessa ry  to a ssu m e that the p ro b ab ility  of each  r ea liza tio n  is the  
sam e. T his approach  has been  cr itic ized  in paper (24).

24 — A n n a les..
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s tra teg y  th a t has the  h ighest m in im um  value of incom e of all m ixed 
or p u re  strateg ies.

An exam ple w ill serve as a b e tte r  illu stra tion . In Table 1 are show n 
the  y ields of four oats v arie ties  in th e  course of five years. The re su lts  
are given in pounds per acre (the exam ple w as d raw n  from  Heady, 
P esek  and W alker (29).

According to th e  m axim in  rule^ the  B v arie ty  is th e  best because its 
low est y ield  obtained  in th e  firs t y ea r of the  ex p e rim en t is h igher th an  
th e  low est y ield  of any  o th er v a rie ty  u n d er consideration.

Choosing a m ixed s tra teg y  is m uch m ore com plex. For it is im possible 
to m ake a set of all com binations since the  n u m b er of p roportions of 
each v arie ty  in such a com bination  is in fin ite , w hereas the  m ixed sta - 
tegy  is supposed to have such p roportions of each v a rie ty  th a t a com bi
nation  w ith  a h ig h er m in im um  yield  could not be found. It is th e re fo re  
necessary  to solve the  follow ing L.P. problem :

m axim ize: x 5, such that:

1472xi + 1 5 6 8 x 2+  1440x3+ 1 5 5 2 x 4 —x 5 ^  0 
2112x1+ 1 9 8 4 x 2+ 2 3 6 8 x 3 +  2688x4- x 5 >  0 
1920x1 +  1824x2+ 2 4 9 6 x 3+ 2 7 8 4 x 4- x 5 >  0 
3620x1 +  3104x2+ 3 5 5 2 x 3 +  0x 4 —x 5 ^  0
3072xi+  3328x2+ 2 8 4 8 x 3+ 3200x4 — x 5 >  0 

X i +  x 2+  x 3+  x 4 = 1
Xi > 0
x 2 >  0
x3 >  0
x 4 ^  0
x 5 > 0

The solution to th e  above problem  is a m ixed s tra teg y  consisting of 56%  
of B v arie ty  and 44%  of C varie ty .

The whole p rob lem  of d e term in in g  a m ixed s tra teg y  can be genera
lized as follows:

x p m axim ization, such th a t

nijx — Xp ^  0

m 2x x p ^  0
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m nx —x p ^  0
n

< d
i  =  1

x ^  0, w here:
x p —  value of a gam e, 

nij ... m n —  vectors of m realizations, 
x —  ac tiv ity  vector,
d —  value w hich the  sum  to ta l of ac tiv ity  values cannot

exceed (most often 1 or 100%),
Xi —  co n stitu en t activ ities of the  x vector.

A fter th is th eo re tica l discussion, it is necessary  to re tu rn  to th e  app li
cation of the  m ethod in the construction  of an L P m atrix  w hich is to 
d eterm in e  the  optim um  program  of p roduction  and possible investm ents. 
The set of constra in ts  constitu ting  the m ixed s tra teg y  contains an

n

elem ent. In  th e  m a trix  construc ted  for th e  described task , the
= i 
n

V x ; < d  is 'rep laced  by  the  w hole in p u t-o u tp u t coefficients m atrix . The
i  = 1

prob lem  can th u s be fo rm ulated  as follows: 

m axim ize: x p, such that:

Ax ^  b

rn^x - Xp ^  0

m nx — x p ^  0 

x >  0

The crite rion  of choice used in the  foregoing exam ple, is not th e  only 
one, a lthough  th e  m ost popular. A detailed  analysis of all c rite ria  can be 
found in A dam us (1).

A sim ilar approach to objective function  fluc tua tions as in th e  th eo ry  
of gam es can be found  in the  ’’sa fe ty -firs t” m ethod. The idea of ’’sa fe 
ty  f ir s t” w as w orked  out by Roy (26) and T esler (28). It w as fu r th e r  
developed and applied to L P  by M aruyam a (16) and  by P e tit and

2 4 *
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B oussard (21). A ccording to th is  m ethod, a fa rm  should be operated  
in such a w ay th a t the  p ro fit every  y ea r could be high enough for 
the fa rm  to m ain ta in  its existence. This m eans th a t th e  fa rm ’s incom e 
has to ensu re  a t least a social m in im um  for th e  fa rm er and his fam ily, 
and to  pay  for all the  charges (debet in sta llm en t paym ents, in terests, 
taxes etc.) ev e ry  year irresp ectiv e  of w e a th e r conditions and price 
fluctua tions. It is not enough to have a h igh m ean  incom e because it can 
be spen t if ’’bad h a rv es t” is not expected. M oreover, previous incom es 
do no t necessarily  im ply  th a t  th ey  w ill be sim ilar in^the fu tu re . A t best, 
it on ly  follow s th a t such and such incom es, p rofits, or y ields w ill be 
obtained  in th e  fu tu re . I t  is im possible to know  how often  th is w ill 
happen  for the  sam ple is too sm all to in fer any th ing  from , th e  m ore 
so th a t th e  observations from  th e  p rev ious years cannot possibly be r e 
cognized as d raw n  out by  lot.

T herefore, th e  L P  m a trix  should  be such as to p rev en t a s ituation  
w here  the m ean p ro fit or incom e is high, b u t its s tab ility  is not su ffi
cient, w hich leads to a fa rm  fa ilu re . In M aru y m a’s a lready-c ited  w ork, 
th is problem  is solved by:

m x m axim ization , such th a t:

A x <C b

nijx <  d

m nx <C d 

x ^  0, w here:

m —  m ean objective function  p a ram ete rs  vector,
mi ... m n —  objective function  p a ram ete rs  in each of n years,

A —  in p u t-o u tp u t coefficient m atrix ,
d —  th e  level below  w hich incom e (profit) canno t drop in

an y  year.

III . IN T R O D U C T IO N  O F  R IS K  IN T O  IN P U T -O U T P U T  
C O E F F IC IE N T S  M A T R IX

F lu c tu a tio n s  of p lann ing  p aram ete rs  are  caused e ith e r by price 
flu c tu a tio n  or y ield  change. P rice  fluctua tions, in te rm s of LP, affect 
ob jective function  p a ram ete rs  only. On th e  o th er hand, y ield  f lu c tu a 
tions affect also in p u t-o u tp u t coefficients. If fa rm  p lann ing  is to
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be consistent w ith  reality , th is  problem  m ust be tak en  in to  account as 
well.

One of the m ethods of considering fluctua tions of in p u t-o u tp u t coeffi
cients is the  so-called ’’C hance-constrained  P rogram m ing” (5). The 
assum ptions of th is m ethod  a re  the following: if in som e constra in ts  th e re  
are  p aram ete rs  sub ject to random  fluctuations, these  constra in ts  cannot 
be m et w ith  a 100%  probability . To p u t it in ano ther w ay, w e can assum e 
th a t th e  risk -a ffec ted  constra in t should be m et w ith  a p robab ility  of no 
less th an  for instance 0.90, 0.95 or 0.99. Using the  la tte r  approach  as the  
s ta rtin g  point, it is necessary  to add th e  90%, 95%  or 99%  confidence 
in te rv a l to  the  sum  of the  products of p aram ete rs  m ean values by  the  
value  of th e ir  corresponding activities. Thus, if the  determ in istic  fo rm u 
lation of the  p rob lem  is the  following: 

akx ^  bk, w here:
ak —  vecto r of in p u t-o u tp u t coefficients vector, 
x — activ ity  vector,

bk — the m in im um  value of akx ensuring  the  coherence of th e  p ro 
gram ,

th en  it is necessary  to rep lace akx by:

akx----- — i/'Vakx , w here
a *

t — standard ized  confidence in terva l,
Vakx — akx varia tion ; 

if the co n stra in t is to be m et w ith  the req u ired  p robability . F u rth e r: 
Vakx =  x TGkx, w here:
G k — variance-covariance m a trix  of the  ak vector.

TJie w hole equation  can thus be p resen ted  as follows:

akx i/x G kx , 
a v

and it has to be m ore th an  or equal to bk. Then th e  whole p rob lem  is 
as follows:

m axim ize: m Tx 5, such that:
Ax ^  b
akx —t x TG kx ^  b 
x  >  0.

D The objective function has been form ulated in a determ inistic w ay to sim plify  
the notation. There is no obstacle to form ulating it in any other way.
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Two difficu lties a re  connected  w ith  th is  problem . F irst, in o rd er to be 
usefu l, it has to be reso lvab le and th e re  m ust be an a lgorithm  of the  
solution. A lthough  th is a lg o rith m  is available (32), it has a num b er of 
defects. Not least is its sm all effectiveness and v ery  h igh  restric tio n s  on 
th e  size of th e  problem . T he o ther d ifficu lty  w ith  th e  chance-constra ined  
p rogram m ing  is th e  assum ption of a norm al d istrib u tio n  of fluc tua tions 
of in p u t-o u tp u t coefficients, w hich is not alw ays tenable . This incon
ven ience can be avoided by  using th e  T shebyshev in eq u ality  (24), in th is 
case a considerable increase of the  t a p a ram ete r has to be taken  into
account.6'

v
To avoid all these  inconveniences, a ttem p ts  w ere m ade to sim plify  

th is m ethod. M erill (17) and  Chen (6) developed m ethods consisting in 
th e  in terch an g e  of th e  objective function  and th e  co n stra in t affected  
by in p u t-o u tp u t p a ram e te r fluctua tions, w hen  only one co n stra in t is 
sub jec t to  them . R ahm an and B ender (24) fo rm u la ted  a rpethod app li
cable in a s ituation  w here  covariance betw een  in p u t-o u tp u t p a ram ete rs  
does no t exist or can be ignored, A m ore general and sim plified  m ethod 
w as W orked out by  W icks and G uise (30). I t  pe rm its  the  u se  of LP 
because it is founded  on abso lu te  deviation  ra th e r  th an  s tan d ard  deviation 
as a m easure  of flu c tu a tio n .

M adansky’s m ethod  (13) has an en tire ly  d iffe ren t background  as it 
is derived  from  th e  th eo ry  of gam es. The m ethod  assum es that, if th e re  
is any  p a ram ete r affec ted  by flu c tu a tio n s in th e  constra in t, the  con
stra in t has to be m et in each situation. In  te rm s of the  L P  used in fa rm  
organization p lanning , th is  m eans th a t  the  constra in ts  u n d e r conside
ra tio n  have to be m et each year w hich is an in fo rm ation  source. Thus, 
if th e  co n stra in t has a determ in istic  form ula:

a^x <C bi,

th en  in the case of th e  aj vec to r flu c tu a tio n s  and  using th e  M adansky 
assum ption, th is no ta tion  should  be p resen ted  as follows:

6 The Tshebyshev inequality  is: [(Px„ —x) <  to2] >  1  w hich m eans that the
t2

probability that the n-th realization w ill not not deviate from mean by no more 

than t tim es of <5 is higher than 1  .Thus, if the constraint is to be met w ith
t2 __

the probability of not less than 1 —a, then 1 —a - i -  hence t =  4 / — . For
t2 V  a

the probability equal 0.95, t t&AA, w hich ijs more than tw ice of t0 05. The sm aller
the a param eter, the bigger that disproportion is.
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ajjx ^  b 

ai2x <c: b

ainx <c; bi, w here:
ajj —  realization  of the  aA vector in each source-of-in form ation  year.

If bi w ere  also sub ject to fluctuations, the  above notation  could be m o
dified as:

aux <  bu

ainx ^  bin, w here:

by —  realization  of the bi param eter.

In troduc tion  of w ha t has been p rev iously  achieved into the  L P  m odel 
is a lread y  obvious:

m axim ize: m Tx 7, such tha t:

Ax <C b

anx <  b„

a lnx <  bln

**knx

7 As in note 5.
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IV. SUMMARY: EVALUATION OF METHOD USEFULNESS

M ost of th e  p resen ted  m ethods have th e ir p rac tica l application. The 
m ethods developed by F reu n d  and by M arkow itz are  m ost freq u en tly  
em ployed (2, 3, 4, 8, 25, 31), b u t those founded on the  th eo ry  of gam es 
are also applied. H ow ever, th e re  are  no stud ies w hatsoever th a t w ould 
com pare all th e  m ethods in question. M ore often, we can encoun ter c r i
ticism  of a p a rtic u la r  m ethod, w ith  its w eak points and defects 
em phasized.

A freq u en t ob ject of critic ism  is th e  F reu n d  m ethod. A ccording to 
P e tit  and B oussard  (21), th e  fu n d am en ta l objection  to the  m ethod  is th a t 
it req u ires  an  assum ption  of th e  n o rm al d is trib u tio n  of y ields and prices 
in o rd e r to ob tain  th e  ob jective function . This has not been proved so 
fa r w hereas only absolu te c e rta in ty  w ould ju stify  tjrfis assum ption. 
F u rth erm o re , th e re  are  re p o rts  th a t  the  d istribu tion  of crop yields and 
prices of fa rm  p ro d u c ts  is no t n o rm al or even no t sym m etric. P e tit  and 
B oussard  a f te r  D ay (9). A n o th er objection concerns th e  risk  aversion 
coefficient, w hich is d iffe ren t for ev e ry  decision-m aking fa rm er and has 
to be d e term in ed  before optim ization procedures. This m ust be d e te rm i
ned by  experim en t, w hich is criticized  by M oscardi and de Jan v ry  (18) 
because the coefficient v alue  so defined  w ill be affected  by the  fa rm e r’s 
a ttitu d e  tow ards gam bling.

A lthough  free  from  th e  foregoing objections, th e  M arkow itz m ethod 
has also its own defects, th e  m ost serious being th a t a dual solutions is 
not possib le (20).

The above d isadvantages of th e  tw o m ethods can  be fu r th e r  s tre n g th 
ened by  the fact th a t th ey  req u ire  quad ra tic  program m ing, w hich is 
m ore re s tr ic tiv e  as to the  size of th e  problem , w hile  the  in fo rm ation  on 
w hich the  m ethods are  based, th a t is m ean  Values and  variance, is ra re ly  
credible. In o rder to obtain such figures, th e  data  covering fa r m ore th an  
ten  y ea rs  should be used. These data  are  no t alw ays available; m oreover, 
th e  p ic tu re  can be d isto rted  by  yield  changes over a longer period due 
to  new  developm ents in technology, un less we have th e  data  obtained 
from  experim ents. P rices  can also be affected  by such system atic 
changes.

A ll these  defects of th e  tw o m ethods also hold  for th e ir  m odifica
tions, except for th a t  re su ltin g  from  th e  use of quad ra tic  program m ing.

M ethods founded on the  th eo ry  of gam es have th e ir ow n defects as 
well. F o r exam ple, W ickas and  G uise (30) ra ise  an  objection th a t app li
cation of the th eo ry  of gam es increases the  m a trix  size. This is an  essen
tia l objection since th e  L P  m atrices em ployed in optim izing fa rm  p ro 
duction  and in v estm en t p lans a lread y  have considerable sizes. A nother
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objection W icks and Guise discuss is th a t while applying the  th eo ry  of 
gam es to risk  consideration, w e im plicitly  assum e th a t the fa rm e r’s a tti
tude tow ards risk  can be described by th a t theory . T here is no evidence 
to support th is assum ption. S till one m ore objection can be added th a t 
inform ation  d raw n from  the past, especially  like th a t used in the  th eo ry  
of gam es, con tribu tes v ery  little  to planning. M oreover, w ith  th e  selec
tion of data  from  prev ious years, an unconscious assum ption is m ade th a t 
only those years and none o th er are rep resen ta tiv e  and th e ir  n u m b er is 
suffic ien t as th e  in form ation  basis. .

None of the  discussed m ethods seem s to be free  from  defects. Such 
a m ethod  is d ifficu lt to im agine, especially  u n til th e  h arm fu ln ess  of 
risk  is defined. A n a ttem p t to deal w ith  the  prob lem  in th a t w ay is p a r t 
of the sa fe ty -firs t m ethod b u t it is d ifficu lt to app ly  it in the  case of 
flu c tu a tio n s of in p u t-o u tp u t coeffients.

Tab. 1. Crop yields of four oats varieties in lbs. per acre in 1953—1957

Year
V ariety 1953 1954 1955 1956 1957

A 1472 2112 1920 3520 3072
B 1568 1984 1824 3104 3328
C 1440 2368 2496 3552 2848
D 1952 2688 2784 O1 3200

1. The D crop was destroyed by hail in 1956. This is the slow est- 
-grow ing of the four varieties tested. Hail, which norm ally occurs 
after harvest, affected this variety in 19l56 due to a prolonged veg
etation period.

Source: O. L. Walker et al., Application of Game Theoretic Model 
to Decision Making, Agronomy Journal, no 2, 1964.
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S T R E S Z C Z E N I E

Celem przedstawionej tu pracy jest opis i porównanie metod uwzględniania 
ryzyka w  modelach optym alizacyjnych stosowanych w rolnictw ie. Przedm iotem  
opisu były przede w szystkim  zagadnienia teoretyczne, a w ięc zarówno strona for- 
m alno-m atem atyczna prezentow anych metod, jak i form ujący je zestaw  założeń  
ekonomicznych.

Opisywane w niniejszej pracy metody uwzględniania wahań losow ych para
m etrów funkcji celu oparte są na teorii użyteczności bądź na teorii gier, a służące 
do uw zględniania wahań param etrów techniczno-ekonom icznych rów nież mają uza
sadnienie teoretyczne w  teorii gier oraz na tak zwanych ograniczeniach losowych  
(chance constraints). Próba oceny wykazała, iż w iększe nadzieje należy wiązać 
z grupą m etod opartych na teorii gier. Do czasu ustalenia na czym polega szkodli
wość ekonomiczna ryzyka trudno jest jednak w ydawać jednoznaczne oceny.

Р Е З Ю М Е

Цель настоящей работы — описать и сопоставить методы учета риска в 
оптимализационных моделях, применяемых в сельском хозяйстве. Предметом  
описания были преж де всего теоретические вопросы, в том чусле как ф ормаль
но-математическая сторона представляемых методов, так и формирующ ий их 
комплекс экономических предпосылок.

Описанные в настоящем исследовании методы учета случайных колеба
ний параметров ф ункции цели опираются на теорию полезности или на теорию  
игр, а методы, служ ащ ие для учета колебаний технико-экономических пара
метров, теоретически обоснованы также теорией игр и, кроме того, так назы
ваемыми случайными ограничениями (chance constraints). Попытка оценки обна
ружила, что больше надеж д подае ттруппа методов, опирающихся на сеорию игр. 
Однако до установления, в чем состоит экономическая вредность риска, ф ор 
мировать однозначные оценки представляется затруднительным.


