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0. ABSTRACT.

Recent discussions concerning mutual relations between
Mach’s Principle and the Principle of Equivalence are briefly
reviewed. It is shown that Mach’s Principle and the Principle
of Equivalence are incompatibile (at least in their geometrical
form) not only within the frame of General Relativity but also
within the frame of any physical theory using Riemannian geo-
metry for the geometrization of gravity.

1. INTRODUCTION.

Mutual relations between Mach’s Principle (MP) and the
Principle of Equvalence (EP) have been discussed in the recent
years. It seems that EP, being valid only locally, should follow
from MP 1}, on the other hand, however, serious doubts have
been raised against compatibility of both principles 2.

1F, M. Gomide: ”"Revista Brasileira de Fisica”, 3, 3, 1973.
2 J. F. Woodward, W. Yourgrau; ”British Journal for the Philosophy
of Science”, 23, 111, 1972,



94 M. HELLER [2]

According to Woodward and Yourgrau MP may be stated as
follows: ,the global distribution of matter in the universe
(Mach’s ’fixed stars’) causally determines by itself the proper-
ties of the local inertial field and thus the inertial properties
of local bodies and the local inertial frame of reference” 3; and
EP ,simply asserts that the effects of acceleration and gra-
vitation are physically indistinguishable [strong from of EP]
or, that interial and passive gravitational mass are identical-
ly the same [weak form of EP].” ¢

Usually it is assumed that if gravitational field equations
could be find which globally yield no solution in an empty
space-time, MP would be incorporated into these equations. In
opinion of Woodward and Yourgrau, for the two principles to be
compatible, the non-existence of empty-solutions is merely a ne-
cessary, but not a sufficient, condition. The both necessary
and sufficient condition appears to be — in their view —
that the gravitational field equations (and hance the inertial
field equations) must be null for one body in an otherwise
empty universe. The reason is rather simple: according to MP,
it is impossible to define a state of motion (inertial or accele-
rated) for a single isolated body. Therefore, as EP demands that
a gravitational field has to be treated as indistinguishable (lo-
cally) from an ,acceleration field”, no gravitational field can
be uniquely specified, as well.

For the current theories of gravitation neither this compati-
bility criterion, nor even necessary (but not sufficient) condition
of compatibility is fulfilled. Thus, one may infer that MP
and either form of EP cannot be true together within the fra-
me of presently known theories of gravitation.

The reasoning of Woodward and Yourgrau was criticized
by Newburgh?3. He has formulated MP after Pauli: ”it has to
be postulated that the inertia of matter is solely determined by
the surrounding masses. It must therefore vanish when all

3 Ibid.
4 Ibid.
* R. G. Newburgh: ”Brit, Journ. for the Phil. of Sci.”, 24, 263, 1973.
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other masses are removed” 8, Woodward and Yourgrau have
postulated an extended body with a finite mass density in an
otherwise empty universe. According to Newburgh, if the only
surrounding masses are those which are parts of the given
body, then these alone will determine the inertia of the consi-
dered body. The argument of Woodward and Yourgrau remains
valid only for the isolated point particle, but this implies all
problems conected with the possibility of an infinite mass den-
sity.

Owing to this criticizm Woodward and Yourgrau were able
to express the Machian criterion in a more strict form: ,Gi-
ven a neutral body of finite mass density and radius alone in
a universe, for the gravitational inertial field equations to be
consistent with Mach’s Principle they must satisfy the condi-
tion that in the limit as the radius of the body goes to zero,
the magnitude of the field goes everywhere (except at the mat-
ter signularity) to zero. That is,

limit m=20
r—>0
for an external (massless) observer” 7,

It seems, that all arguments must remain more or less vague
as long as they are not formulated in a mathematical language.
Fortunately, all modern theories of gravitation (including New-
ton’s theory) may be formulated in terms of geometry. In geo-
metrical language EP simply asserts that in any space-time
(which is a Riemannian space) it is always possible to choose
a geodesical system of coordinates at any (non- singular) point
(or along any given curve, the so-called Fermi coordinates). It
is a trival consequence of the existence of a (pseudo) Euclidean
tangent space T, at any point p of (pseudo) Riemannian space.
In such systems of coordinates I' 2 = 0, what does mean that
“true” and “apparent” gravitational forces are locally identi-

§ Ibid.
7 J. F. Woodward, W. Yourgrau: “Brit. Journ. for the Phil. of Sci”,
24, 246, 1973.
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cal 8., Although MP still resists its geometrization, some geome-
trical structures defined in any (pseudo) Riemannian space are
known which are certainly anti-Machian. It turns out that one
of such anti-Machian structures is just a tangent space Ty°.
It is therefore evident that MP and EP are incompatible not
only within the frame of General Relativity but also within the
frame of any physical theory using Riemannian geometry for
the geometrization of gravity. In the following we will put
‘this argument into a more detailed form.

2. CONCEPTS AND TERMINOLOGY

For the mathematical model if space-time we assume a pair
(M, g), where M is a Cr 4-dimensional manifold (usuallly
T>=2), and g is a pseudo-Riemannian /Lorentzain/ metric on
M. It is assumed that the components of the metric tensor g re-
present gravitational potentials. Timelike curves are histories
of material points, null geodesics are histories of zero-mass
particles. To this model of space-time we shall refer as to the
Principle of Geometrization (PG). More detailed properties of
this model may be found in the book of Hawking and Ellis 10,

There are different versions of MP 1. For the present purpo-
ses, however, we shall need only the following formulations.
The strong form of Mach’s Principle (SMP): The properties of
the local inertial field are entirely and uniquely determined by
the global distribution of matter in space-time. The weak form
-of Mach’s Principle /WPM/: the same as the strong form with-
out the words ,entirely and uniquely”. Of course: SMP =)
WMP, the converse is not true.

8 M. Heller: ,Roczniki Filozoficzne” (Ann. Phil), 21, 3, 43, 1973 (in
Polish).

9 M. Heller: ”Acta Physica Polonica”, B1, 131, 1970.

10 S, W. Hawking, G. F. R. Ellis: The Large Scale Structure of Space-
~Time, Cambridge 1973.

1 M. Heller: ,,Acta Phys. Pol.”, BI1, 131, 1970.
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We have: SMP A PG =) ”Space devoid of all matter should
be devoid of geometrical structure” /geometrical form of MP:
GMP/.

We shall speak also about the strong /SEP/ and weak /WEP/
forms of the Principle of Equivalence in the sense stated by
Woodward and Yourgrau /see beginning of the present paper/.
SEP extends proportionality of the passive gravitational mass
and inertial mass from the bodies with a non-zero rest mass
/as postulated by WEP/ to zero rest-mass particles. Of course:
SEP =) WEP, but the converse is not true.

Wheelon has shown that if the photon has a non-zero rest-
-mass the deflection of light near massive body must depend
on the frequency of light 12, In turn, Woodward and Yourgrau ha-
ve shown 13, that if the deflection of light is a function of fre-
quency, then it is possible, at least in principle, to distinguish
between gravitational and acceleration fields. In such a case
SEP is false, whereas WEP may remain vaild. In the following
we shall discuss only the strong form of EP. For other forms
of EP consult the book of Treder .

We have: SEP A PG (=) ,There is a pseudo-Euclidean space
T, tangent to any /non-singular/ point p of space-time”. For
this statement we shall use the abbreviation GEP /geometrical
formulation of EP/.

3. ARGUMENT

Having a space-time manifold M, it is possible to define in
a natural way the tangent bundle: T(M) = (E, M, =), where:
E =TUT,
peM

12 A, D. Wheelon: "The Physical Review”, 85, 383, 1952.

13 See the reference in their paper in ”Brit. Journ. for the Phil. of
Sci.”, 23, 111, 1972.

¥ H. J. Treder: Gravitationtheorie und Equivalenzprinzip, Berlin 1971.

7 — Studia Phil. Christianae 11 (1975) 2
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with its natural manifold structure and its natural projection z:

mE—->M
defined as: = (p, v) = p, where: peM, veT, 15,

Let U; C M be an open set, then a map ¢: U; — E, such that
mo@ = id, is called a local cross-section of a fibre bundle. A lo-
cal sross section is an assignament of an element ¢ (p) € a~1 (p)
to each point p € U;. Such local cross-sections always exist 16,
(M is parallelizable, therefore a cross-section ¢ may be also de-
fined globally 17.) It is therefore evident that there is a local
well defined pseudo-Euclidean structure, resulting only from
the definition of (M, g), without any reference to the ”"material
contents” filling the space-time. So GMP is false, whereas GEP
is trivially valid. Therefore the strong version of MP and the
strong version of EP are incompatible within the frame of con-
sidered geometrical model cf space-time.

4. COMMENT

Woodward and Yurgrau writte. ,,On aesthetic grounds Mach’s
Principle is also very appealing — in our opinion compelling —
by reason of its being an immediate consequence of the most
general statement of the principle of relativity: for a single
body in an otherwise empty universe no state of motion, and
hence acceleration (translational or angular), can be speci-
fied.” 18 Indeed, Mach’s Principle seems to be ’very appealing”,
nevertheless it is possible to show that mathematical model of
space-time, currently in use, cannot be fully Machian.

15 See for instance; D. Husemoller: Fibre Bundles, Mc Graw-Hill
Comp. 19€6.

18 A, Trautman: Metody geometryczne w fizyce i technice, Warszawa
1968, (in Polish), p. 48.

17 S. W. Hawking, G. F. R. Ellis: The Large Scale Structure of Space-
-Time, p. 52.

18 J, F. Woodward, W. Yourgrau: ”Brit. Journ. for the Phil. of Sci.”,
23, 111, 1972.
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The essence of the above presented argument consists in sta-
ting that any pseudo-Riemannian /Lorentz/ space may be local-
ly approximated by the tangent pseudo-Euclidean space. "In
the space-time of General Relativity, the null-geodesic structure
is that of the tangent flat space-time to a first approximation.
Local features are therefore just the same as in special relativi-
ty and, in particular, local inertial properties do not depend on
the curvature of space-time elsewhere and so they do not de-
pend on the distribution of matter in the universe.” 19 Thus,
Mach’s Principle may be accepted only “on aesthetic grounds”.

ZASADA MACHA A ZASADA ROWNOWAZNOSCI
Streszczenie.

1. Zasada Macha — moéwigc najogélniej — postuluje zalezno$é fi-
zyki lokalnej od globalnej struktury Wszech§wiata. Zasada réwmo-
waznosci glosi lokalng nieodréznialno$§é pola grawitacyjnego od ,,pola
przyspieszen”. Trwa dyskusja dotyczgca relacji pomiedzy tymi za-
zasadami.

Niektbrzy przypuszczajg, ze zasada rownowazno§ci — biorgc zasade
lokalng — powinna by¢ konsekwencjg zasady Macha. ¥* Inni wy-
suwajg powazne argumenty przemawiajgce za wzajemnym wyklu-
czaniem sie obu zasad.

J. F. Woodward i W. Yourgrau? sgdzg, ze warunkiem koniecznym
i wystarczajgcym zgodnoéci obu zasad jest istnienie tylko zerowych
rozwigzan réwnan pola grawitacyjnego dia pojedynczego ciala znaj-
dujgcego sie w pustym Wszech§wiecie. Uzasadnienie: zgodnie z za-
sadg Macha, nie da sie okre§li¢ stanu ruchu (bezwiladnego lub przy-
spieszonego) pojedynczego ciala, calkowicie izolowanego od reszty
$wiata. Zasada réwnowazno$ci postuluje lokalng nierozr6znialno§é pola
przyspieszen od pola grawitacyjnego. A zatem nie da sie réwniez
okrefli¢ pola grawitacyjnego pochodzacego od pojedyhczego ciala, od-
izolowanego od reszty $wiata.

Jak wiadomo, we wspodiczesnych teoriach grawitacji (takze w og6l-
nej teorii wzglednofci) powyzsze kryterium zgodno§ci nie jest spel-
nione.

1% W, H. Mc Crea, "Nature”, vol. 230, no 5289, 95, 1971.
* Numery odsylajg do odpowiednich przypisbéw w tek§cie angiel-
skim.
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Praca Woodwarda i Yourgraua spotkala sie z zarzutami ze strony
R. G. Newburgha.’ Wedlug niego argumentacja Wodwarda i Your-
graua pozostaje sltuszna, §ciSle rzecz biorac, tylko w odniesieniu do
pojedyticzej punktowej czastki (a nie w odniesieniu do ciala roz-
cigglego) w caltkowicie pustym Wszech§wiecie. Z kolei rozwazamie
punktowej czastki prowadzi do probleméw zwigzanych z mieskonczo-
nymi gesto§ciami. W odpowiedzi na zarzuty Woodward i Yourgrau
uscislili swoja argumentacje. ?

Wydaje sie, ze wszystkie argumenty pozostang mniej lub bardziej
subiektywne, dopoki nie zostanie im madana postaé matematyczna.

2. Za matematyczny model czasoprzesirzeni przyjmiemy pare (M, g),
gdzie M jest 4-wymiarowg rozmaitoScia klasy Cr (zwykle r=>2),
a g — pseudoriemannowsky (lorentzowska) metrykg na M. 1 Model
ten bedziemy nazywaé Zasadg Geometryzacji (PG).

Istniejg liczne sformulowania zasady Macha (MP). 1 W dalszym
ciggu wykorzystamy tylko nastepujgce: mocna zasada Macha (SMP):
lokalne pole bezwladno$ci jest catkowicie i jednoznacznie okresione
przez globalny rozklad materii w czasoprzestrzeni., Staba zasada Ma-
cha (WMP) powstaje z SMP przez usuniecie stow ,,catkowicie i jedno-
znacznie”, OczywiScie zachodzi: SMP =) WMP, odwrotne twierdzenie
nie jest stuszne,

Mamy takze: SMP A PG =) ,czasoprzestrzen bez materii powinna
byé pozbawiona geometrycznej struktury” (geometryczna postaé za-
sady Macha: GMP).

Mocna zasada réwnowazno$ci stwierdza, ze pola przyspieszen i pola
grawitacyjne sg fizycznie nierozréznialne. Slaba zasada réwnowazno$ci
(WEP): masa bezwladna i passywna masa grawitacyjna sg sobie réwne.

WEP stwierdza réwno§é obu mas dla czastek o0 masie spoczynko-
wej réznej od zera, SEP rozcigga te réownoéé takze i na czastki o ze-
rowej masie spoczynkowej. Qczywiscie zachodzi: SEP =) WEP, ale
odwrotne twierdzenie nie jest stuszne.

3. W ramach przyjetego przez nas matematycznego modelu czaso-
przestrzeni (PG) zasada réwnowazno$ci (w dalszym ciggu bedziemy
mieé na mysli tylko jej mocng wersje) sprowadza sie do twierdzenia,
e zawsze mozna wprowadzi¢ geodezyjny uklad wspédirzednych w kaz-
dym (nieosobliwym) punkcie (lub wzdtuz kazdej krzywej tzw. wspbi-
rzednych Fermiego) czasoprzesirzeni Jest to trywialng konsekwencjg
istnienia w kazdym (nieosobliwym) punkcie p przestrzeni (pseudo)
Riemanna przestrzeni stycznej Tp o strukturze (pseudo) euklidesowej.

Mamy zatem: SEP A PG =) ,w kazdym (nieosobliwym) punkcie
czasoprzestrzeni istnieje pseudoeuklidesowa przestrzeh styczna”. Na
oznaczenie tego stwierdzenia bedziemy uzywaé skrétu: GEP (geome-
tryczne sformulowanie zasady réwnowaznosci).
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4. Do dzi$ nie udalo sie w pelni zmatematyzowaé zasady Macha.
Znane sg jednak pewne struktury geometryczne okre§lone na czaso-
przestrzeni o charakterze wybitnie antymachowskim. Jedng z takich
struktur jest wlaénie pseudoeuklidesowa przestrzen styczna T, w kaz-
dym punkcie czasoprzestrzeni ® Geometria przestrzeni T, okre§la bo-
wiem lokalng strukture czasoprzestrzeni bez odwolywania sie do ja-
kichkolwiek wlasnosci globalnych (np. do globalnego rozkiladu ma-
terii).

Skoro istnienie przestrzeni stycanych T, z jednej strony jest try-
wialng konsekwencja zasady réwmowaznoéci, a z drugiej strony —
typowym elementem antymachowskim, stad wniosek, ze zasada réwno-
waznosci i zasada Macha (5ci§lej GEP i GMP) nawzajem sie wyklu-
czajgy.

W tek$cie angielskim powyzszy argument zostal sformulowany bar-
dziej elegancko w jezyku przestrzeni wibknistych.



